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Abstract: The Drell-Yan process is studied in the framework of TMD factorization in
the Sudakov region s  Q2  q2⊥ corresponding to recent LHC experiments with Q2 of
order of mass of Z-boson and transverse momentum of DY pair ∼ few tens GeV. The




accuracy. It is demonstrated that in the leading order in Nc the higher-twist
quark-quark-gluon TMDs reduce to leading-twist TMDs due to QCD equation of motion.
The resulting hadronic tensors depend on two leading-twist TMDs: f1 responsible for
total DY cross section, and Boer-Mulders function h⊥1 . The corresponding qualitative and
semi-quantitative predictions seem to agree with LHC data on five angular coefficients
A0 −A4 of DY pair production. The remaining three coefficients A5 −A7 are determined
by quark-quark-gluon TMDs multiplied by extra 1Nc so they appear to be relatively small
in accordance with LHC results.
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1 Introduction
The Drell-Yan (DY) process [1] has been extensively studied in high energy physics field for
precise tests of QCD, investigation of the structure of the proton, and searches for possible
new physics. Since the advent of high-energy colliders, the attention shifted to processes
with large invariant mass of DY pair produced both by photon and Z-boson. The important
part of these studies is the transverse-momentum dependence of angular distribution of DY
lepton pairs with l arge invariant mass produced in hadronic collisions. It was extensively

















experiment [8]. If one considers, however, the DY process at transverse momentum of
lepton pair much smaller than their invariant mass, the collinear factorization should be
replaced by TMD factorization [9–13]. In this paper the DY process will be studied in
so-called Sudakov plus small-x region s Q2  q2⊥ where Q2 is the invariant mass of DY
pair and q⊥ is the transverse momentum of produced leptons. The typical case is the lepton
pair production at LHC with DY invariant mass in the vicinity of Z-boson and transverse
momentum of DY pair of order of ten or few tens of GeV.
This paper is the third in a series of papers devoted to description of DY process in
terms of TMD rapidity factorization. In the first paper [14], A. Tarasov and the author
calculated power corrections to the total cross section of Z-boson production using the
method developed in earlier paper [15]. The second paper [16] was devoted to calculation
of angular coefficients for DY process mediated by virtual photon. Unfortunately, it is hard
to compare these results with experiment due to the fact that the LHC measurements of
angular distributions are performed at the invariant mass ∼ 100GeV where the contribution
of Z-boson is dominant. The present paper is devoted to generalization of the approach of
papers [14] and [16] to angular distributions of DY pair production by unpolarized protons
at LHC kinematics.
The differential cross section of DY process is determined by the sum of products of
leptonic tensors and hadronic tensors. The leptonic tensors are given by simple first-order





d4x e−iqx〈pA, pB|jµ(x)jν(0)|pA, pB〉. (1.1)
where pA, pB are hadron momenta, q is the momentum of DY pair, and jµ is either elec-
tromagnetic or Z-boson current.
As was mentioned above, a golden standard of QCD analysis of such hadronic tensors
in the region where transverse momenta are much smaller than the invariant mass of the











f/B(xB, q⊥ − k⊥)Ci(q, k⊥)
+ power corrections + Y − terms (1.2)
where Df/A(xA, k⊥) is the TMD density of a parton f in hadron A with fraction of momen-
tum xA and transverse momentum k⊥, Df/B(xB, q⊥− k⊥) is a similar quantity for hadron
B, and coefficient functions Ci(q, k) are determined by the cross section σ(ff → µ+µ−)
of production of DY pair of invariant mass q2 in the scattering of two partons. The DY






































where y is the rapidity of DY pair and cφ ≡ cosφ, sφ ≡ sinφ etc. The aim of this paper is
to express Ai(Q2, q2⊥) at Sudakov kinematics s Q2  q2⊥ in terms of TMDs and compare
(at least qualitatively) to ATLAS [17] and CMS [18] measurements.
Unfortunately, the TMD analysis of Drell-Yan angular distributions Ai is hindered
by the fact that not all hadronic tensors are determined by leading-twist quark-antiquark
TMDs which have parton interpretation. Some tensor structures in the r.h.s. of eq. (1.1)
are determined by power corrections to leading-twist TMDs expressed in terms of quark-
antiquark-gluon distributions which are virtually unknown. Fortunately, as demonstrated
recently in ref. [14], at the leading order in Nc these power corrections are still determined
by leading-twist TMDs. Moreover, at small xA and xB the majority of hadronic tensors
depends only on two leading-twist TMDs: f1 responsible for total DY cross section, and
Boer-Mulders function h⊥1 . The rest of hadronic tensors determined by power corrections
due to quark-antiquark-gluon distributions are down by at least one 1Nc factor which seems
to qualitatively agree with LHC measurements of angular distributions.
Note that in addition to power corrections due to QCD dynamics, there are fiducial
power corrections arising from fiducial cuts on experimental measurements. These cuts
introduce linear power corrections in q⊥/Q, see the discussion in ref. [19]. In this paper we
do not consider fiducial power corrections.
The paper is organized as follows. In section 2I set up the notations, present the formula
for differential cross section of DY lepton pair, and list the relevant hadronic tensors.
In section 3I briefly outline the method of calculation of power corrections to hadronic
tensors developed in refs. [14] and [15]. Section 4 contains the streamlined calculation
of photon-mediated DY process which is used as a reference point to calculation of Z-
mediated and interference terms in sections 5 and 6. The results for hadronic tensors and
angular coefficients are presented in section 7 whic also contains the comparison to LHC
measurements. Conclusions are summarized in section 8 and the necessary technical details
are listed in the appendix.
2 Drell-Yan cross section in the Sudakov region
At high energies, the production of a neutral e+e− (or µ+µ−) pair in hadron-hadron colli-
sions is mediated by virtual photon or by Z-boson, see figure 1
hA(pA) + hB(pB)→ γ, Z(q) +X → l1(l) + l2(l′) +X, (2.1)
where hA,B denote the colliding hadrons with momenta pA and PB and l1,2 denote the
outgoing lepton pair with total momentum q = l + l′. To avoid cluttering of µ’s if our
formulas, we will consider production of e+e− pairs, the results for µ+µ− pairs are the
same.
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Figure 1. Typical annihilation-type (a) and exchange-type (b) diagrams for DY particle produc-
tion.








W , cd,s = −
1
4cW sW








, ae = 1− 4s2W , cW ≡ cos θW , sW ≡ sin θW . (2.3)
The differential cross section of production of pair of leptons with momenta l and l′








































× [AρJρ(0) + ZρJρ(0)] |pA, pB〉 (2.4)
where
∑
X denotes summation over all intermediate hadron states. Performing contractions







































































2 〈A,B|Jµ(x)Jν(0) + Jµ(x)Jν(0)|A,B〉
W I2µν(x) =
Nc
2 〈A,B|Jµ(x)Jν(0)− Jµ(x)Jν(0)|A,B〉 (2.6)
Hereafter |pA, pB〉 ≡ |A,B〉 for brevity. Note that hadronic tensors are defined with an
extra Nc so that the leading-twist contribution will be ∼ N0c .
To convolute with leptonic tensors, we need to find symmetric and antisymmetric parts
separately so we define
WZSµν = 12(W
Z
µν + µ↔ ν), WZAµν = 12(W
Z
µν − µ↔ ν), (2.7)
W I1Sµν = 12(W
I1
µν + µ↔ ν), W I1Aµν = 12(W
I1
µν − µ↔ ν), (2.8)
W I2Sµν = 12(W
I2
µν + µ↔ ν), W I2Aµν = 12(W
I2
µν − µ↔ ν). (2.9)




accuracy and express them in terms
of TMDs like eq. (1.2). It turns out that each W i is a sum of three parts
W iµν(q) = (W1)iµν(q) + (W2)iµν(q) + (W ex)iµν(q) (2.10)
The first part is determined by leading-twist TMDs f1 and h⊥1 as mentioned in the Intro-
duction and satisfies the condition1
qµ(W1)iµν(q) = 0 (2.11)








which come from the diagrams of the figure 1a,b type, respectively. They are expressed
in terms of quark-antiquark-gluon matrix elements which cannot be reduced to leading-
twist TMDs. The term (W2)iµν is ∼
q2⊥
Q2 and ∼ N
0
c as while (W ex)iµν is ∼ 1Nc . On the other
hand, since (W ex)iµν comes from exchange-type diagrams it may be numerically larger than
(W2)iµν(q) coming from annihilation-type diagrams.
3 TMD factorization from rapidity factorization
We use Sudakov variables p = αp1 + βp2 + p⊥, where p1 and p2 are light-like vectors close
to pA and pB so that pA = p1 + m
2
s p2 and pA = p1 +
m2
s p2 with m being the proton mass.
1Strictly speaking, the Z-boson current is not conserved so one should not expect qµ(W1)Z,Iµν (q) = 0.
However, if we consider quarks to be massless, the non-conservation is due to axial anomaly so the cor-
responding terms in qµ(W1)iµν(q) will be proportional to 〈pA, pB |αsFµν F̃µν(x)jν(0)|pA, pB〉. Such matrix
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Figure 2. Rapidity factorization for DY particle production.
Also, we use the notations x• ≡ xµpµ1 and x? ≡ xµp
µ




2x+ and x• =
√
s
2x−). Our metric is g
µν = (1,−1,−1,−1) which we
will frequently rewrite as a sum of longitudinal part and transverse part:















Consequently, p · q = (αpβq + αqβp) s2 − (p, q)⊥ where (p, q)⊥ ≡ −piq
i. Throughout the
paper, the sum over the Latin indices i, j,. . . runs over two transverse components while
the sum over Greek indices µ, ν,. . . runs over four components as usual.
Following ref. [15] we separate quark and gluon fields into three sectors (see figure 2):
“projectile” fields Aµ, ψA with |β| < σp, “target” fields Bµ, ψB with |α| < σt and “central
rapidity” fields Cµ, ψC with |α| > σt and |β| > σp, see figure 2.2 Our goal is to integrate over
central fields and get the amplitude in the factorized form, i.e. as a product of functional
integrals over A fields representing projectile matrix elements (TMDs of the projectile)
and functional integrals over B fields representing target matrix elements (TMDs of the
target). In the spirit of background-field method, we “freeze” projectile and target fields
and get a sum of diagrams in these external fields. Since |β| < σp in the projectile fields
and |α| < σt in the target fields, at the tree level one can set with power accuracy β = 0











. In the coordinate space, projectile fields depend on x• and x⊥ and target ones on
x? and x⊥. Beyond the tree level, the integration over C fields produces logarithms of the
cutoffs σp and σt which match the corresponding logs in TMDs of the projectile and the
target, see the discussion in ref. [16]
As discussed in ref. [16], central fields at the tree level are given by a set of Feynman
diagrams with retarded propagators in background field A+B and ψA +ψB, see figure 3.3
The set of such “retarded” diagrams represent the solution of QCD equations of motion
2Although the kinematics is best suited for LHC collider, I call A hadron “projectile” and B hadron
“target” for convenience.
3We take into account only u, d, s, c quarks and consider them massless. In principle, one can include

















Figure 3. Typical diagram for the classical field with projectile/target sources. The Green functions
of central fields are given by retarded propagators.
with sources being projectile and target fields. After summation of these diagrams the












where cm,n are coefficients and Φ can be any of the background fields promoted to operators
after integration over projectile and target fields.
In general, the summation of diagrams of figure 3 type is a formidable task which still




Q2  1 and it is possible to expand classical solution for central fields in
powers of this parameter.







s . It is
convenient to choose a gauge where A? = 0 for projectile fields and B• = 0 for target fields.
(The existence of such gauge was proved in appendix B of ref. [15] by explicit construction.)
As demonstrated in ref. [14], expanding it in powers of p2⊥/p2‖ we obtain
Ψ(x) = Ψ1(x) + Ψ2(x) + . . . , (3.3)
where








































































and dots stand for terms subleading in q
2
⊥
Q2 and/or αq, βq parameters. In this formula
1












(x•, x⊥) ≡ i
∫ x•
−∞
dx′• ψ̄A(x′•, x⊥) (3.5)

























(x). The corresponding expansion of classical gluon fields is
presented in ref. [15], but we do not need it here.4

























if αq ∼ βq ∼ Q√s (recall that we assume that the DY pair is emitted in the central region
of rapidity). For example, the correction ∼ [ψ̄AγµΞ2][ψ̄BγνΞ1] will be of order of
q2⊥
Q2 in
comparison to leading-twist contribution [ψ̄AγµψB][ψ̄BγνψA].5 As demonstrated in ref. [16],



























































Let us also specify the terms which we do not calculate. Roughly speaking, they correspond
to terms in eq. (3.7) multiplied by q
2
⊥
Q2 or by either αq or βq.
In addition, in this paper we will consider only leading-Nc power corrections. As we
will see below, leading-twist hadronic tensor is ∼ N0c and power corrections can be ∼ N0c ,
∼ 1Nc , or
1
N2c
. The corrections ∼ 1
N2c
were found in ref. [14] for the case of total cross section,
i.e. for eq. (2.5) integrated over l. In this paper such corrections ∼ 1
N2c
will be neglected.
Thus, the calculation of power corrections with our accuracy boils down to calculation
of tensors (2.6) with ψ → Ψ1 + Ψ2. In the next sections we will consider five lines in
eq. (2.5) for the differential cross section.
4 Hadronic tensor for photon-mediated DY process
In this section I briefly summarize the calculation of W fµν performed in ref. [16] paying at-
tention only to terms giving non-negligible contributions listed in eq. (3.7) at the leading-Nc
4Since we are dealing with tree approximation and quark equations of motion, it is convenient to include
coupling constant g in the definition of gluon fields.
5The reader may wonder why there are no corrections ∼ q
2
⊥
Q2 coming from next terms in the expan-







γj∂iBjΨ1(0)]. The reason is that 1β between ψ̄B(0) and

















level. The reason is that hadronic tensors listed in eq. (2.6) differ from Wµν by replace-
ment(s) γµ(ν) → γµ(ν)γ5 and/or µ, ν antisymmetrization instead of symmetrization. Both
operations do not change power counting in q
2
⊥
Q2 and αq, βq parameters so the calculation
of the rest of the terms in (2.6) will be based on the calculation of (non-negligible) contri-
butions to in Wµν outlined in this section.
In this section we take into account hadronic tensor due to electromagnetic currents
of u, d, s, c quarks and consider these quarks to be massless. It is convenient to define











For future use, let us also define the hadronic tensor in mixed representation: in momentum




i(q,x)⊥Wµν(αq, βq, x⊥), (4.2)






With the definition (4.1), power counting of contributions to W̌µν(x•, x?, x⊥) will mirror
that of Wµν(q) terms without extra 1s factor.




〈A,B|Jµ(x•, x?, x⊥)Jν(0)|A,B〉 (4.3)
where




















and similarly for Jµ2 and J
µ
21. Here 〈A,B|O(ψA, Aµ, ψB, Bµ)|A,B〉 denotes double func-
tional integral over A and B fields which gives matrix elements between projectile and
target states of eq. (3.2) type.
The leading-twist contribution to Wµν(q) comes only from annihilation-type product
Jµ12(x)Jν21(0) + 1 ↔ 2 while power corrections may come also from J
µ
1 (x)Jν2 (0) + 1 ↔ 2.
As demonstrated in ref. [16], power corrections from Jµ1 (x)Jν2 (0) terms are down by one
power of Nc in comparison to leading-Nc terms. On the other hand, they come from
exchange-type diagrams like figure 1b so they are determined by product of two quark
distributions (one with additional gluon) rather than from annihilation-type diagrams in

















We will first calculate annihilation-type contributions coming from Jµ12(x)Jν21(0)+1↔ 2
terms. Since leptonic tensor Lµν is symmetric, we consider
W̌ aµν (x) =
Nc
s
〈A,B|Jµ12 (x) Jν21 (0) + J
µ



















+ µ↔ ν|A,B〉+ x↔ 0 (4.5)
After Fierz transformations (A.1) and (A.3) they can be sorted out as










Ψ̄m1 (x) γαΨn1 (0)
] [
Ψ̄n2 (0) γβΨm2 (x)
]
+ γα ⊗ γβ ↔ γαγ5 ⊗ γβγ5|A,B〉+ x↔ 0, (4.6)
W̌Hµν (x) = W̌Gµν (x) + W̌Tµν (x) (4.7)




Ψ̄m1 (x) Ψn1 (0)
] [




Ψ̄m1 (x) γ5Ψn1 (0)
] [
Ψ̄n2 (0) γ5Ψm2 (x)
]




















2 (x)]|A,B〉+ x↔ 0 (4.9)
for flavor f which we are considering. As discussed in section 3, x? in projectile matrix
elements is set to be zero and similarly for x• = 0 in target matrix elements. To save space,
we will often assume this instead of explicitly displaying.
In the remainder of this section we will outline calculation of leading power corrections
to the above equations starting with WF terms.
4.1 WF contribution
As we discussed in section 3, to calculate (4.6) one needs to plug in Ψi in the form (3.4).










ψ̄mA (x) γαψnA (0)
] [
ψ̄nB (0) γβψmB (x)
]
+ γα ⊗ γβ ↔ γαγ5 ⊗ γβγ5
}




αβ − δαµδβν − δαν δβµ
)
〈ψ̄ (x) γαψ (0)〉A〈ψ̄ (0) γβψ (x)〉B
+
(
ψ(0)⊗ ψ(x)↔ γ5ψ(0)⊗ γ5ψ(x)
}
+ x↔ 0 (4.10)
Hereafter we use notations 〈O〉A ≡ 〈pA|O|pA〉 and 〈O〉B ≡ 〈pB|O|pB〉 for brevity. Using
parametrizations (A.39) and (A.40) we can write down the corresponding contribution to







−iαqx•−iβqx?+i(q,x)⊥W̌ ltµν(x) = −g⊥µν
∫

























βq, (q − k)⊥
)
+ ff1 ↔ f̄
f
1 (4.12)
Here the term with f ↔ f̄ comes from x↔ 0 contribution.
4.1.1 Terms with one quark-quark-gluon TMD (one-gluon terms)
Next, here will be terms with one or two gluon fields in eq. (4.6) coming from replace-
ment(s) (3.4). Terms with one gluon are






















Let us consider the first term in the r.h.s. of the above equation. As demonstrated in
ref. [16], the only non-negligible contribution comes from longitudinal µ and transverse ν







A (x) γµΞn1 (0)] [ψnB (0) γνψmB (x)]




[〈ψ̄ (x) γν⊥ 6p2γi
1
α








〈ψ̄ (x•, x⊥) 6p2
1
α
ψ (0)〉A〈ψ̄ 6B (0) 6p1γ⊥ν ψ (x?, x⊥)〉B
+ i〈ψ̄ (x•, x⊥)σ?ν
1
α
ψ (0)〉A〈ψ̄ 6B (0) p̂1ψ(x?, x⊥)〉B
]
+ µ↔ ν + x↔ 0 (4.14)
Here we separated color-singlet contributions and used eq. (A.21) to reduce number of
γ-matrices.
Using formulas (A.45), (A.46), (A.48), and (A.51) for quark-antiquark-gluon operators














ψ̄A (x) γµψB (x)
] [
ψ̄B (0) γνΞ1 (0)
]
















〈ψ̄ (x•, x⊥) 6p2
1
α












d2k⊥ (q − k)ν F
f (q, k⊥) + µ↔ ν

























1 (x)γµψnA(0)][ψnB(0)γνψmB (x)] + . . . (4.16)
doubles the result (4.15) and the result for the third and the fourth terms is obtained from



















F f (q, k⊥) + µ↔ ν (4.17)
This result agrees with the corresponding 1/Q terms in ref. [20].
4.1.2 Terms with two quark-quark-gluon TMDs (two-gluon terms)













[ψmA (x)γαΞn1 (0)] [ψnB (0)γβΞm2 (x)] (4.18)
+[Ξm1 (x)γαψnA (0)] [Ξn2 (0)γβψmB (x)]+γα⊗γβ↔ γαγ5⊗γβγ5
}
|pA,pB〉+x↔ 0
It is convenient to start from the contribution




[ψmA (x) γµΞn1 (0)] [ψnB (0) γνΞm2 (x)]
+ γµ ⊗ γν ↔ γµγ5 ⊗ γνγ5
}
|A,B〉+ µ↔ ν + x↔ 0
= − 12s3
{
〈ψ̄Ai (x) γµ 6p2γj
1
α




+ ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ(x) + µ↔ ν
}
+ x↔ 0 (4.19)
As demonstrated in ref. [16], the non-negligible contribution comes only from transverse µ
and ν. In this case we can use formula (A.27) and get




〈ψ̄Ai (x) γµ⊥ 6p2γ
j 1
α










〈ψ̄ 6A (x) 6p2γi
1
α
ψ (0)〉A〈ψ̄ 6B (0) 6p1γi
1
β
ψ (x)〉B + x↔ 0 (4.20)


















d2k⊥ (k, q − k)⊥ F

















where we again used formulas from appendices A.2 and A.3. Next, as shown in ref. [16],
the contribution of the second matrix element in the r.h.s. of eq. (4.18) is equal to that of
the first one so we get




d2k⊥(k, q − k)⊥F f (q, k⊥) (4.22)
The second two-gluon contribution to W̌F in eq. (4.6) is
























Let us consider the first matrix element in the r.h.s. of the above equation. We get
W̌
(2b)F










ψ̄mA (x) γαψnA (0)
] [
Ξ̄n2 (0) γβΞm2 (x)
]




δαµp1ν + δαν p1µ − gµνpα1
)(


























+ ψ(0)⊗ ψ(x)↔ γ5ψ(0)⊗ γ5ψ(x)
)
(4.24)


















+ ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ (x)
)
+ x↔ 0 (4.25)
The corresponding contribution toWµν(q) is obtained from QCD equation of motion (A.60)











f (q, k⊥) (4.26)






































differs from eq. (4.26) by replacements p1 ↔ p2, αq ↔ βq and exchange of projectile matrix
elements and the target ones so we finally get















F f (q, k⊥) (4.28)
The third two-gluon contribution to W̌F in eq. (4.6) has the form





















comparison to (4.19) so we neglect it.
Thus, the result for WFµν(q) is the sum of eqs. (4.11), (4.17), (4.22), and (4.28). After






µν(q), W fFµν(q) =
∫
d2k⊥F
f (q, k⊥)WFµν(q, k⊥), (4.30)
where































(q − 2k)i⊥ + µ↔ ν
]
(4.31)
It is easy to see that qµWFµν(q, k⊥) = 0.
4.2 WG term of eq. (4.8)
In this section we will repeat the above calculations for the WGµν(q). Let us start from




Ψ̄m1 (x) Ψn1 (0)
] [








|A,B〉+ x↔ 0 (4.32)
First, as seen from parametrizations (A.39) and (A.40), the leading-twist contribution can






















ψ̄nA (x) Ξm1 (0)
] [




ψ̄mA (x) γ5Ξn1 (0)
] [












− ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ (x)
]
+ x↔ 0
= −gµν2s3 〈ψ̄ 6A (x) 6p2
1
α















ψ(0)〉A = 0 (4.34)
It is easy to see that with our accuracy the above equation is the only two-gluon contribution





in comparison to eq. (4.34) similarly to eq. (4.29).
Now, using equations (A.45), (A.56), (A.58) and parametrizations (A.44) we obtain














k2⊥(q − k)2⊥H(q, k⊥) (4.35)
where






βq, (q − k)⊥
)
+ h⊥f1 ↔ h̄
⊥f
1 (4.36)
for the flavor that we are considering.
4.3 WT contribution of eq. (4.9)
In this section we calculate the WTµν term of eq. (4.9). The leading-twist contribution















is easily obtained from parametrizations (A.44) [21]:






















µν (k, q − k)⊥
]
Hf (q, k⊥) (4.38)
6A rigorous argument goes like that: the matrix element (4.34) can be rewritten as
εν⊥jεkl〈ψ̄(0)[Ak(0)σ•lψ(x)〉 = εjν⊥〈ψ̄(0) 6A(0) 6p1γ5ψ(x)〉. As demonstrated in section A.3, 6A in this for-
mula can be replaced by 6k⊥ so the contribution is proportional to matrix element ki〈ψ̄(0)iσ•iγ5ψ(x)〉 =

















For the calculation of one- and two-gluon terms it is convenient to consider






Ψ̄n2 (0)σ ξν Ψm2 (x) |A,B〉+ µ↔ ν + x↔ 0 (4.39)
and subtract trace to get W̌Tµν(x) afterwards.
4.3.1 One-gluon terms in V̌ Hµν(x)









ψ(0)〉A〈ψ̄Bi(0)σ ξν ψ(x)〉B + µ↔ ν + x↔ 0 (4.40)
As demonstrated in ref. [16], the only non-negligible contributions are those with one of the
indices in eq. (4.40) longitudinal and one transverse. For example, let µ be longitudinal and
ν transverse, the opposite case will differ by replacement µ↔ ν. Using the decomposition






















ψ (0)〉A〈ψ̄Bi (0)σ ξν⊥ψ (x)〉B + µ
′ ↔ ν
]
+ x↔ 0 (4.41)










ψ (0)〉A〈ψ̄Bi (0)σ j• ψ (x)〉B−〈ψ̄ (x)σ?i
1
α










ψ (0)〉A〈ψ̄Bi (0)σ?•ψ (x)〉B
}
+x↔ 0 (4.42)







































ψ(0)〉A〈ψ̄(0) 6B(0) 6p1ψ(x)〉B + x↔ 0

















Using formulas (A.45), (A.46), (A.56), and (A.58) for quark-antiquark-gluon operators




















H(q, k⊥) + µ↔ ν
where terms with replacement h⊥1f ↔ h̄⊥1f come from x↔ 0 contribution as usually.
Next, as proved in ref. [16], the term with Ξ̄1(x) doubles the contribution (4.44) and the
terms with Ξ2(0) and Ξ̄2(x) are obtained by the projectile ↔ target replacement, namely
p1 ↔ p2, αq ↔ βq and k⊥ ↔ (q−k)⊥. Thus, the contribution of one-gluon terms to WTµν(q)
has the form













H (q, k⊥) + µ↔ ν (4.45)
4.3.2 Two-gluon terms in V̌ Hµν(x)







A (x)σµξΞn1 (0)][ψnB(0)σ ξν Ξm2 (x)|A,B〉+ µ↔ ν + x↔ 0 (4.46)











ψ(x)〉B + µ↔ ν + x↔ 0
(4.47)
As demonstrated in ref. [16], the contributions from longitudinal µ and transverse ν (or





















ψ(x)〉B + µ↔ ν + x↔ 0
Using eq. (A.9) and (4.34), it is possible to demonstrate the second term in the r.h.s. is

































ψ(x)〉B + µ↔ ν
}

















The corresponding contribution to V̌ Hµ⊥ν⊥(q) can be obtained from QCD equations of mo-














f (q, k⊥) (4.50)
+
[(
k⊥µ (q − k)
⊥
ν + µ↔ ν
)
(k, q − k)⊥ − k
2
⊥ (q − k)
⊥
µ (q − k)
⊥
ν










where we introduced the notation

















2s3 〈ψ̄Ai (x)σ?α 6p2γ
j 1
α







2s3 〈ψ̄Ai (x)σ•α 6p2γ
j 1
α











ψ (0)〉A〈ψ̄Bj (0)σ k? σ•i
1
β
ψ (x)〉B+µ↔ ν+x↔ 0
Using eq. (A.9) it is easy to see that the third term in the r.h.s. is ∼ q
2
⊥
s while the first two






































ψ (x)〉B + x↔ 0
(4.53)
The corresponding contribution to V Hµν(q) yields
V
(2a)H





































































































A (x)σµξΞn1 (0)][ψnB(0)σ ξν Ξm2 (x)|A,B〉+ µ↔ ν + x↔ 0 (4.56)
to Vµν(q) doubles the result (4.55) (see ref. [16] for proof) so subtracting trace we obtain
























[k⊥µ (q − k)⊥ν + µ↔ ν](k, q − k)⊥ − k2⊥(q − k)⊥µ (q − k)⊥ν
− (q − k⊥)2k⊥µ k⊥ν + g⊥µν(k, q − k)2⊥ − g⊥µνk2⊥(q − k⊥)2
]}
HA(q, k⊥)
As we will see below, cancellation of terms ∼ g‖µν proportional to HA in the r.h.s. of this
equation is actually a consequence of (EM) gauge invariance.















































where we neglected terms shown in ref. [16] to be small. Using eq. (A.14) the r.h.s. of this
equation can be rewritten as
V̌
(2b)H
1µν (x) = −
4p1µp1ν
s4









ψ(x)〉B +x↔ 0 (4.59)
so the corresponding contribution to Wµν takes the form
V
(2b)H








k2⊥(k, q − k)⊥Hf (q, k⊥) (4.60)


























[ψ̄nB(0)σ ξν ψmB (x)|A,B〉+ µ↔ ν + x↔ 0 (4.61)
is obtained by the projectile ↔ target replacement, namely p1 ↔ p2, αq ↔ βq and k⊥ ↔
(q − k)⊥, and we get contribution to WTµν in the form
W (2b)Tµν (q) = V
(2b)H


















(k, q − k)⊥H (q, k⊥)
Finally, it is easy to see that the two-gluon terms






























so we neglect them.
Summarizing, we get
WTµν(q) = eq. (4.45) + eq. (4.57) + eq. (4.62) (4.64)
and adding WGµν(q) from eq. (4.35) we finally get
WHµν(q) = WHµν(q) +WH2µν (q) (4.65)






µν (q), WHfµν (q) =
∫
d2k⊥H
f (q, k⊥)WHµν(q, k⊥) (4.66)
where Hf is given by eq. (4.36) and


























































where q‖µ ≡ αqp1 + βqp2 and q̃µ ≡ αqp1 − βqp2. It is easy to see that qµWHµν = 0.
The second part is














[k⊥µ (q−k)⊥ν +µ↔ ν](k,q−k)⊥−k2⊥(q−k)⊥µ (q−k)⊥ν
−(q−k⊥)2 k⊥µ k⊥ν +g⊥µν (k,q−k)2⊥−g⊥µνk2⊥ (q−k⊥)
























where HA is given by eq. (4.51). These terms are not gauge invariant: qµW 2µν(q) 6= 0. The
reason is that gauge invariance is restored after adding terms like m
2
⊥
Q2 × eq. (3.7) which we




















They are of the same order so one should expect that gauge invariance is restored after








2 which are beyond the scope of this paper. For the same













leading-twist TMDs f1 and h⊥1 .
4.4 Exchange-type power corrections from JµA(x)JνB(0) terms












2 (0)] + µ↔ ν|pA, pB〉+ x↔ 0 (4.70)









Ξ̄1 (x) γµψA (x)
]f [





ψ̄A (x) γµΞ1 (x)
]f [




Ξ̄1 (x) γµψA (x)
]f [




ψ̄A (x) γµΞ1 (x)
]f [
ψ̄B (0) γνΞ2 (0)
]f ′
+ µ↔ ν|pA, pB〉+ x↔ 0
with transverse µ and ν.
It is convenient to calculate traceless part and trace separately. Let us start from







































B + µ↔ ν − trace
)
+ x↔ 0
where we used notations

















Using parametrization of matrix elements (A.66) and (A.67) we get
W exff
′
















k⊥µ (q − k)
⊥
ν + µ↔ ν + g
⊥




−− (q, k⊥) (4.75)
where J iff
′
−− (q, k⊥) are defined in eq. (A.71).























(0) B̆m (x) /p1ψ (0)〉
f ′
























d2k⊥(k, q − k)⊥J2ff
′
−− (q, k⊥)
which agrees with eq. (6.2) from ref. [14] after replacements j2 = jtw32 − ij̃tw32 and j̄2 =
jtw31 + ij̃tw31 . It should be noted that the difference between j1 and j2 in traceless vs trace
part is due to difference in formulas (A.32) and (A.31).
The total contribution of “exchange” power corrections is the sum of eqs. (4.75)
and (4.77), see eq. (4.80) below.
4.5 Resulting hadronic tensor for photon-mediated DY process
It is convenient to represent hadronic tensor as a sum of three parts
W γµν(q) = W 1µν(q) +W 2Hµν (q) +W 3µν(q) (4.78)















f (q, k⊥)WHµν(q, k⊥) (4.79)
where functions F f (q, k⊥) and Hf (q, k⊥) are given by eqs. (4.12) and (4.36) while
WFµν(q, k⊥) and WHµν(q, k⊥) are presented in eqs. (4.31) and (4.67), respectively.7 Note
that qµWFµν and qµWHµν are exactly zero without any
q2⊥
Q2 corrections. This is similar to usual
7It should be mentioned that WF part coincides with the result obtained in refs. [22, 23] using parton

















“forward” DIS, but different from off-forward DVCS where the cancellations of right-hand
sides of Ward identities involve infinite towers of twists [25–27]
The second part is given by eq. (4.68). It has the same order in Nc as the first part but
unfortunately is determined by quark-quark-gluon TMDs which are virtually unknown.
The third, “exchange”, part is given by the sum of eqs. (4.75) and (4.77).














k⊥µ (q − k)
⊥
ν + µ↔ ν + g
⊥










Both second and third part come only from transverse indices.
These terms are not gauge invariant: qµW 2µν(q) 6= 0. The reason is that gauge invari-
ance is restored after adding terms like m
2
⊥
Q2 × eq. (3.7) which we do not calculate in this
paper. Indeed, for example,



















They are of the same order so one should expect that gauge invariance is restored after








2 which are beyond the scope of this paper. For the same













leading-twist TMDs f1 and h⊥1 .
In the remaining sections we will use formulas from this section as guidelines for cal-
culation of other hadronic tensors in eq. (2.6).
5 Z-mediated hadronic tensor
In this section we will consider the hadronic tensor corresponding to the part of DY cross
section mediated by Z-boson. Let us start from the symmetric tensor WZSµν defined in
eq. (2.9)
5.1 Symmetric part of Z-mediated hadronic tensor
As in the photon case, after integration over central fields J µ in eq. (2.4) is replaced by

















cf Ψ̄f1γµ(af − γ5)Ψ
f
2 (5.1)
and similarly for J µ2 and J
µ
21.























Similarly to the photon case, we will perform calculations for one flavor and sum over









= (a2f+1)W̌Ffµν (x)+(a2f−1)W̌Hfµν (x)−2afW̌ 5fµν (x) (5.3)
where WFfµν (x) and WHfµν (x) are defined by eqs. (4.6) and (4.7) whereas





αβ − δαµδβν − δαν δβµ
){[
Ψ̄m1 (x) γαγ5Ψn1 (0)
] [
Ψ̄n2 (0) γβΨm2 (x)
]
+ γαγ5 ⊗ γβ ↔ γα ⊗ γβγ5
}
+ x↔ 0. (5.4)
for flavor f which we are considering. The results for WFfµν (q) and WHfµν (q) are given by
eqs. (4.30) and (4.65) from previous section while W 5fµν (q) must be evaluated anew.
We will prove now that
W̌ 5µν(x) = 0 (5.5)
with our accuracy. It includes the same terms as we assembled to W̌Fµν(x) but with addi-
tional γ5 attached to one of the fermion fields. Since extra γ5 cannot change the power of s
we need to look how the terms which gave leading contribution to W̌Fµν(x) are affected by
extra γ5. First, note that the leading-twist first term in the r.h.s. of eq. (4.10) with extra
γ5 can be neglected. Indeed, if one replaces γα by γαγ5 (or γβ by γβγ5) the term ∼ gµν
vanishes and two other terms are ∼ 1sp2βεαjq
j as seen from the parametrization (A.43).
Similarly, replacement γβ → γβγ5 gives terms of order of ∼ 1sp1αεβjq
j which we neglect,
see the discussion after eq. (3.7).
Next, let us consider sum of terms in W̌ (1)F1µν (x) and W̌
(1)F







ψ (0)〉A〈ψ̄ 6B (0) 6p1γ⊥ν ψ (x)〉B + 〈ψ̄
1
α
(x) 6p2ψ (0)〉A〈ψ̄ (0) γ⊥ν 6p1 ¯6B (x)ψ (x)〉B
+ ψ (0)⊗ ψ (x)↔ ψ (0) γ5 ⊗ γ5ψ (x)
]
+ µ↔ ν + x↔ 0, (5.6)
see eqs. (4.14) and (4.16).8 It is easy to see that the replacement ψ(0) → γ5ψ(0) gives
either vanishing projectile matrix element or vanishing target matrix element after using







〈ψ̄ 6A(x) 6p2γν⊥ψ (0)〉A〈ψ̄ (0) 6p1
1
β







+ψ (0)⊗ψ (x)↔ψ (0)γ5⊗γ5ψ (x)
]
+µ↔ ν+x↔ 0 (5.7)

















vanishes after replacement ψ(0) → γ5ψ(0) due to QCD equations of motion mentioned
above. Thus, W̌ (1)5µν (x) = 0
Let us now consider leading W (2)Fµν terms with two gluon operators discussed in sec-
tion 4.1.2, see eq. (4.18). As we saw, the leading contribution comes from transverse µ and
ν. It is given by sum of eqs. (4.20), (4.21), and the corresponding terms coming from









〈ψ̄ (x) 6A (x) 6p2γi
1
α
















(0) γi 6p1 6B (x)ψ (x)〉B
)
+ x↔ 0 (5.8)
As was mentioned in the end of section 4.1.2, from equations (A.31) it is clear that the
second term in the r.h.s. gives the same contribution as the first term. If, however, one
replaces ψ(0) ↔ γ5ψ(0) (or, equivalently, ψ(x) ↔ γ5ψ(x)), it is easy to see that the two
contributions cancel so W̌ (2)F5µν (x) = 0.
Next, the leading terms in W̌ (2)F2µν (x) are given by eqs. (4.25) and (4.27)
W̌
(2)F

































If we now replace ψ(0) ↔ γ5ψ(0) it is easy to see from eqs. (A.46) and (A.61) that
W̌
(2b)5






Thus, we obtain the “annihilation part” of symmetric hadronic tensor due to Z-boson















where W fFµν (q) and W fHµν (q) are given by eqs. (4.30) and (4.65). Note that it is gauge
invariant up to W 2Hµν (q) term discussed in the end of section 4.
5.1.1 Exchange-type power corrections to WZSµν






























































































As seen from the of comparison parametrizations (A.66) and (A.70), the replacement
ψ → γ5ψ in the projectile matrix elements leads to kµj1 → ±iεµνkνj1, kµj2 → ±iεµνkνj2.
Similarly, the replacement ψ → γ5ψ in target matrix elements yields (q−k)µj1,2 → ±iεµ(q−
k)νj1,2. Looking at the result (4.80) and taking care of signs of replacements ψ → γ5ψ in























































































































































































































































for any functions φ1 and φ2.
5.1.2 Results for symmetric hadronic tensor for Z-mediated DY process
It is convenient to represent the hadronic tensor WZSµν as a sum of three parts
WZSµν (q) = WZS1µν (q) +WZS2µν (q) +WZS3µν (q) (5.17)
The first, gauge-invariant, part is given by eq. (5.3)


















f (q, k⊥)WFµν (q, k⊥) ,





f (q, k⊥)WHµν(q, k⊥) (5.18)















where WFfµν (q) and WHfµν (q) are given by eqs. (4.30) and (4.66).




c2f (a2f − 1)W 2Hfµν (q) (5.20)



























k⊥µ (q − k)
⊥
ν + µ↔ ν + g
⊥



















+ af [εµmkm (q − k)ν + µ↔ ν] I
1ff ′
+− (q, k⊥)− af ′ [kµενn (q − k)




where J i±± are listed in eq. (A.71) and Ii±± in eq. (A.72).
As in the photon case, the exchange power corrections are non-zero only for transverse
µ and ν in our approximation.
5.2 Antisymmetric part of Z-boson hadronic tensor
The antisymmetric part of hadronic tensor for cross section mediated by Z-boson is defined





〈A,B|J12µ(x)J21ν(0)− µ↔ ν|A,B〉 − x↔ 0 (5.22)





























Ψ̄m1 (x) γµΨn1 (0)
] [
Ψ̄n2 (0) γνΨm2 (x)
]
(5.24)
+ γµ ⊗ γν ↔ γµγ5 ⊗ γνγ5 − µ↔ ν|A,B〉 − x↔ 0




Ψ̄m1 (x) γµγ5Ψn1 (0)
] [
Ψ̄n2 (0) γνΨm2 (x)
]
+ γµγ5 ⊗ γν ↔ γµ ⊗ γνγ5 − µ↔ ν|A,B〉 − x↔ 0,
























Ψ̄n2 (0) γ5Ψm2 (x)
] }
|A,B〉 − x↔ 0
for the flavor under consideration.
Let us start from the WFµν(x) given by the first line in eq. ((5.24)) and compare it to
Wµν(x) for the photon case. It is easy to see that if we takeWFµν(x) and antisymmetrize with
respect to µ and ν instead of symmetrization, we will get WFµν(x). Since antisymmetriza-
tion vs symmetrization does not affect power counting in q
2
⊥
s parameter (or αq, βq  1

















First, consider the leading-twist contribution9




〈ψ̄ (x•, x⊥) γµψ (0)〉A〈ψ̄B (0) γνψ (x?, x⊥)〉B
+ γµ ⊗ γν ↔ γµγ5 ⊗ γνγ5 − µ↔ ν
)
− x↔ 0. (5.25)
Using parametrizations (A.39) and (A.42) we get











d2k⊥ F (q, k⊥) (5.26)
where
F f (q, k⊥) = ff1 (αq, k⊥)f̄
f





As usually, term with f1 ↔ f̄1 comes from x↔ 0 contribution.
Next, we consider terms with gluon operators and separate them as in section 4.1
according to number of gluon fields (contained in Ξ’s):
W̌Fµν(x) = W̌F ,ltµν + W̌ 1Fµν (x) + W̌ (2a)Fµν + W̌ (2b)Fµν + W̌ (2c)Fµν (5.28)
where leading-twist term W̌F ,ltµν was considered above, and



























+γµ⊗γν↔ γµγ5⊗γνγ5−µ↔ ν|A,B〉−x↔ 0















+γµ⊗γν↔ γµγ5⊗γνγ5−µ↔ ν|A,B〉−x↔ 0















+γµ⊗γν↔ γµγ5⊗γνγ5−µ↔ ν|A,B〉−x↔ 0
and















+γµ⊗γν↔ γµγ5⊗γνγ5−µ↔ ν|A,B〉−x↔ 0
The corresponding contributions to Wµν(q) will be denoted W (1)Fµν , W (2a)Fµν , W (2b)Fµν , and
W (2c)Fµν , respectively. We will consider these contributions in turn following the analysis in
section 4.1.
9Recall that “check” means W ’s in coordinate space multiplied by 2Nc
s

















5.2.1 One-gluon terms in WFµν










αψA and separating color-
singlet terms, we get




〈ψ̄ (x) γµ 6p2γi
1
α
ψ (0)〉A〈ψ̄Bi (0) γνψ (x)〉B
+
(
ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ (x)− µ↔ ν
}
− x↔ 0 (5.33)
As we discussed above, we need to consider only terms which gave leading contribution
for symmetric case, i.e. with one index longitudinal and the other transverse. Similarly to

















〈ψ̄ (x) γµ′ 6p2γi
1
α
ψ (0)〉A〈ψ̄Bi (0) γν⊥ψ (x)〉B
+ (ψ(0)⊗ ψ(x)↔ γ5ψ(0)⊗ γ5ψ(x)− µ′ ↔ ν
}
− x↔ 0 (5.34)







ψ (0)〉A〈ψ̄Bi (0) 6p1ψ (x)〉B−〈ψ̄ (x) 6p1 6p2γi
1
α
ψ (0)〉A〈ψ̄Bi (0)γν⊥ψ (x)〉B







ψ (0)〉A〈ψ̄ (0) 6B (0) 6p1γν⊥ψ (x)〉B
+(ψ (0)⊗ψ (x)↔ γ5ψ(0)⊗γ5ψ(x))
]
−x↔ 0 (5.35)





with respect to the first one. Next, if ν is
longitudinal and µ transverse, we consider W̌ (1)F1νµ = −W̌
(1)F
1µν , repeat the above calculation
and get result (5.35) with µ ↔ ν. Thus, the case with longitudinal ν and transverse
µ is obtained from (5.35) by −(µ ↔ ν) replacement, so using eqs. (A.45), (A.50) and
parametrizations from section A.2 we obtain




d2k⊥ (q − k)⊥ν F (q, k⊥)− µ↔ ν (5.36)


















The second term in the r.h.s. of eq. (5.29) with longitudinal µ and transverse ν can be
obtained in a similar way. Repeating steps from eq. (5.33) to eq. (5.35), we get




Ξ̄m1 (x) γµψnA (0)
] [
ψ̄nB (0) γνψmA (x)
]
|A,B〉












ψ (0)〉A〈ψ̄ (0) γνBi (x)ψ (x)〉B











〈ψ̄ (x) γi 6p2γµ′
1
α
ψ (0)〉A〈ψ̄ (0) γν⊥B
i (x)ψ (x)〉B









ψ (0)〉A〈ψ̄ (0) γν⊥ 6p1 6B (x)ψ (x)〉B
+ (ψ (0)⊗ ψ(x)↔ γ5ψ(0)⊗ γ5ψ(x))
]
− x↔ 0 (5.37)
The opposite case with transverse µ and longitudinal ν is obtained by −(µ ↔ ν) and
therefore from eq. (A.53) we get




d2k⊥ (q − k)⊥ν F (q, k⊥)− µ↔ ν (5.38)
which doubles the result (5.36) similarly to the symmetric case.
Rewriting now the third term in the r.h.s. of eq. (5.29) with longitudinal µ and trans-










ψ̄mA (x) γµψnA (0)
] [
ψ̄nB (0) γνΞm2 (x)
]
(5.39)
+ γµ ⊗ γν ↔ γµγ5 ⊗ γνγ5 − µ↔ ν|A,B〉+ x↔ 0
= − 12s2
{





























+ (ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ (x)
}
− x↔ 0
As above, the case with longitudinal ν and transverse µ is obtained from (5.39) by −(µ↔ ν)
replacement, so using eqs. (A.45), (A.50) and parametrizations from section A.2 we obtain






























doubles the contribution (5.40) of the third
term, so we get











F (q, k⊥)− µ↔ ν (5.41)
Note that it can be obtained from eq. (4.17) by replacement of symmetrization in µ ↔ ν
and f ↔ f̄ with antisymmetrization.
5.2.2 Two-gluon terms in WFµν
We start from the first term in the r.h.s. of eq. (5.30)




ψ̄mA (x) γµΞn1 (0)
] [
ψ̄nB (0) γνΞm2 (x)
]
(5.42)
+ γµ ⊗ γν ↔ γµγ5 ⊗ γνγ5 − µ↔ ν|A,B〉 − x↔ 0
Separating color-singlet contributions one can rewrite eq. (5.42) as




〈ψ̄Ai (x) γµ 6p2γj
1
α




+ ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ (x)− µ↔ ν
}
− x↔ 0 (5.43)
Similar to the symmetric case discussed in section 4.1.2, the leading term comes from µ
and ν that are both transverse. In this case we can use formula (A.28) and get




〈ψ̄Ai (x) γµ⊥ 6p2γ
j 1
α










〈ψ̄ (x) 6p2Ăµ (x)
1
α
ψ (0)〉A〈ψ̄ (0) 6p1B̆ν (0)
1
β
ψ (x)〉B − µ↔ ν
)
− x↔ 0
Using now eqs. (A.45), (A.50) and (A.52) we obtain contribution to W Fµν(q) in the form












k⊥µ (q − k)
⊥
ν − µ↔ ν
]
F (q, k⊥) = 0. (5.45)
This term vanishes after integration over k⊥ but we will keep it for a while since we want
to have gauge invariance at the integrand level, see eq. (5.51) below.
Next, second term in the r.h.s. of eq. (5.30)




Ξ̄m1 (x) γµψnA (0)
] [
Ξ̄n2 (0) γνψmB (x)
]

















at transverse µ and ν can be transformed to
















(0)γi 6p1γν⊥Bj (x)ψ (x)〉B


















(0)B̆ν⊥ (x) 6p1ψ (x)〉B−µ↔ ν
}
−x↔ 0
where we used formula (A.28). It is easy to see that the corresponding contribution to
W (2a)F2µ⊥ν⊥(q) doubles the result (5.45), same as for eq. (4.22) in the symmetric case, and we
obtain




d2k⊥[k⊥µ (q − k)⊥ν − µ↔ ν]F (q, k⊥). (5.48)
Again, this integral vanishes, but we keep the integrand as a part of eq. (5.51) in order to
have gauge invariance (5.52) visible at the integrand level.
As one can anticipate from eq. (4.26) for the symmetric case, the contribution from




ψ̄mA (x) γµψnA (0)
] [
Ξ̄n2 (0) γνΞm2 (x)
]














+ ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ(x)
)
− µ↔ ν (5.49)








in comparison to eq. (5.41). Also, if index
ν is longitudinal, the contribution is ∼ p1νp2µ
q4⊥
β2qs





leading-twist result (5.26). Thus, W̌ (2b)Fµν (x) = 0 with our accuracy. Finally, as discussed
in section 4.1.2, the term W̌ (2c)Fµν (x) is of order of 1N2c and can be neglected.
5.2.3 Sum of WFµν terms
Adding the contributions (5.26), (5.41), and (5.48) we obtain
WFµν(q) =
∫
d2k⊥ F (q, k⊥)W Fµν(q, k⊥) (5.50)
where F f (q, k⊥) is given by eq. (5.27) and
W Fµν (q, k⊥) =
2p1νp2µ
s
















q̃ν + q⊥ν − 2k⊥ν
)
− µ↔ ν (5.51)
The corresponding contribution to antisymmetric part of Z-boson hadronic tensor
W̌asyµν (q) is proportional to εµνλρW λρ(q) so we immediately see gauge invariance:
qµε

















5.2.4 W f5µν contribution
From eq. (5.24) we see that WFµν and W 5µν differ by replacement ψ(0) → γ5ψ(0). Let us
consider terms assembled in WFµν and prove that they vanish after such replacement. Fist,
for the leading-twist contribution it is evident from parametrizations (A.43). Second, let
us write down













× 〈ψ̄ (0) γν⊥ 6p1 6B (x)ψ (x)〉B + (ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ (x)
}
− x↔ 0 (5.53)
The contributions of these two terms are equal, but using equations from section A.3 it is
easy to see that after replacement ψ(0)→ γ5ψ(0) they cancel each other as in the eq. (5.7)
case so W̌ (1)51µν (x) = 0. Similarly, one can demonstrate that
W̌
(1)F5

















+ ψ (0)⊗ ψ (x)↔ ψ (0) γ5 ⊗ γ5ψ(x)
]
+ µ↔ ν + x↔ 0
(5.54)
vanishes since the two terms in the r.h.s. cancel each other.
Let us turn now to terms with two gluon operators and start from W̌ (2a)F5µν (x). The
W̌ (2a)Fµν (x) contribution is given by sum of eqs. (5.44) and (5.47)




〈ψ̄ (x) 6p2Ăµ (x)
1
α
















(0)B̆ν⊥ (x) 6p1ψ (x)〉B
)
−µ↔ ν−x↔ 0
As we saw in section 5.2.2, the contributions of the two terms in the r.h.s. are equal.
Now, when we replace ψ(0)→ γ5ψ(0), target matrix elements terms remain the same and
projectile ones become of different sign as seen from eq. (A.59) so W̌ (2a)F5µν (x) = 0
Finally, the contribution W̌ (2b)F5µν (x) is small by power counting (see eq. (5.49) and
subsequent discussion) while W̌ (2c)5µν (x) has extra 1N2c so we neglect it. Thus, W
5
µν = 0 with
our accuracy.



















In this section we will prove that W asµν defined in eq. (5.24) is small in our approximation.
As usual, for power counting we consider W asµν(x) multiplied by 2Nc/s:














− ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ (x)
}
− x↔ 0 (5.56)
First, from parametrizations in Sect A.2 it is clear that the leading-twist contribution to




s ) which is O(βq) (or O(αq)) with respect to contribu-
tion (5.51).
5.3.1 One-gluon terms

















ψ (0)〉A〈ψ̄ (0)Bi (0)ψ (x)〉B−ψ (0)⊗ψ (x)↔ γ5ψ (0)⊗γ5ψ(x)
}
−x↔ 0
Let us first take transverse µ and ν and consider the first term in the r.h.s. Since the
projectile matrix element 〈ψ(x) 6p2γi 1αψ(0)〉A is proportional to xi and the target one
〈ψ(0)Bi(0)σ⊥µνψ(x)〉B to δiµx⊥ν − δiνx⊥µ , this term vanishes. Since σ⊥µνγi = i(δiνγ⊥µ −
δiµγ
⊥
ν ), the second term in the r.h.s. of eq. (5.57) vanishes for the same reason: target
matrix element is proportional to xi and the projectile one to δiµx⊥ν − δiνx⊥µ . Next, consider
terms with extra γ5’s. Since 〈ψ(x) 6p2γiγ5 1αψ(0)〉A ∼ εijx




µν〈ψ(0)Bi(0)σ⊥•?γ5ψ(x)〉B ∼ xi, this term also gives no contribution. For the last term,
since σ⊥µνγ5 = iε⊥µν 2sσ?•, the projectile matrix elements proportional to x
i and the target









s are similar to that of eq. (5.57) so they vanish for the same reason. Finally,
the results for Ξ̄2 and Ξ2 differ by usual projectile↔target replacements so we get the result
that one-gluon contributions to W̌ asµν vanish at transverse µ and ν.
If now both µ and ν are longitudinal, σµν = 4s2 (p1µp2ν − µ ↔ ν)σ?•. It is easy to
see that σ?• in the target matrix element brings no factor of s while in the projectile one
σ?• 6p2γi = sσ•i can bring s2. However, even in this case the corresponding contribution to
r.h.s. of eq. (5.57) is proportional to 2
αqs2
(p1µp2ν −µ↔ ν) = βqq2‖
× 2s (p1µp2ν −µ↔ ν) which
is O(βq) smaller than the last term in eq. (5.51) ∼ εµνij k
i(q−k)j
q2‖



















Finally, let us consider case when one of the indices is longitudinal and the other











× 〈ψ̄ (0)Bi (0)ψ (x)〉B − ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ(x)
}
− µ↔ ν − x↔ 0
Using formulas (A.9) it is easy to see that the second (and the fourth) term can be neglected




in comparison to the second term in the r.h.s. of eq. (5.51) ∼ ενj p2µq
j
αqs












ψ (0)〉A〈ψ̄ (0)Bi (0)σ•ν⊥γ5ψ (x)〉B
}
− µ↔ ν − x↔ 0
Next, from eq. (A.12) we get
σ?i ⊗ σ•ν⊥ − σ?iγ5 ⊗ σ•ν⊥γ5 (5.60)
= −giνσ?l ⊗ σ l• + σ?ν⊥ ⊗ σ•i + σ?i ⊗ σ•ν⊥ −
s
4giνσmn ⊗ σ
mn + s2σν⊥l ⊗ σ
l
i


















ψ (0)〉A〈ψ̄ (0)Bi (0)σ•iψ (x)〉B
}




ψ (0)〉A〈ψ̄ (0) 6B (0) 6p1ψ (x)〉B − µ↔ ν − x↔ 0 (5.61)
where we used eq. (4.34).
Let us calculate now the corresponding contribution to r.h.s. of eq. (5.56) coming from
















(x)σµνγi 6p2ψ (0)〉A〈ψ̄ (0)Bi (0)ψ (x)〉B−ψ (0)⊗ψ (x)↔ γ5ψ (0)⊗γ5ψ(x)
}
−x↔ 0
The only difference from eq. (5.56) is the sign γi 6p2 = −6p2γi, replacement Bi(0) → Bi(x)































































(x)σ?ν⊥ψ (0)〉A〈ψ̄ (0) 6p1 6B (x)ψ(x)〉B
)
− µ↔ ν − x↔ 0 (5.64)
Now, from eqs. (A.45), (A.46), and (A.58) it is easy to see that the corresponding con-
tribution to W̌ asµν(q) vanishes due to cancellation between the two terms in the above
















Following analysis in section 4.1.2, let us start with the contribution to the r.h.s. of eq. (5.56)

















ψ (x)〉B − ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ(x)
}
− x↔ 0 (5.65)
The r.h.s. of eq. (5.65) at transverse µ and ν due to eq. (A.9) can be rewritten as



















Using now eq. (A.35) we get






















Aν (x)σ?i −Ai (x)σ?ν⊥
] 1
α












− µ↔ ν − x↔ 0
= 12s3
{

































where we used eq. (4.34). Next, the contribution to the r.h.s. of eq. (5.56) coming from Ξ̄1





























(0)σ•jBiψ (x)〉B−ψ (0)⊗ψ (x)↔ γ5ψ (0)⊗γ5ψ(x)
}
−x↔ 0 (5.68)
and vanishes for transverse µ and ν for the same reason as the r.h.s. of eq. (5.67).
If both µ and ν are longitudinal, we get contribution to W̌ asµν(x) in the form

















ψ (x)〉B−ψ (0)⊗ψ (x)↔ γ5ψ (0)⊗γ5ψ (x)
}




































(p1µp2ν−µ↔ ν)〈ψ̄ 6A(x) 6p2
1
α
ψ (0)〉A〈ψ̄ 6B (0) 6p1
1
β
ψ (x)〉B−x↔ 0 (5.69)
where again we used eq. (A.35) and eq. (4.34). Similarly, the corresponding term in
eq. (5.68) is
























































































Using QCD equations of motion from section A.3 we see that the contributions (5.69)
and (5.70) cancel.

















ψ (x)〉B − ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ(x)
}
− x↔ 0 (5.71)
Due to the first line in eq. (A.9), both projectile and target matrix elements can bring






, both of which are
small in comparison to eq. (5.41).
Let us now consider term coming from Ξ̄1 and Ξ1:










(x) γi 6p2σµν 6p2γj
1
α
ψ (0)〉A〈ψ̄Bj (0)Biψ (x)〉B
















ψ (0)〉A〈ψ̄Bj (0)Biψ (x)〉B
− ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ(x)
}
− µ↔ ν − x↔ 0 (5.72)









in comparison eq. (5.41). Similarly,
the contribution to W̌ asµν(x) coming from Ξ̄2 and Ξ2 will be ∼
p1νq⊥µ
β2qs
2 and hence negligible.
Thus, we proved that W asµν = 0 with our accuracy.
5.3.3 Exchange-type power corrections to WZAµν
















































































Ψ̄1 (x) γµγ5Ψ1 (x)
] [
Ψ̄2 (0) γνγ5Ψ2 (0)
]








Ψ̄1 (x) γµγ5Ψ1 (x)
] [
Ψ̄2 (0) γνΨ2 (0)
]








Ψ̄1 (x) γµΨ1 (x)
] [
Ψ̄2 (0) γνγ5Ψ2 (0)
]
− µ↔ ν|A,B〉 − x↔ 0
(5.74)
To avoid cluttering formulas, we will omit trivial flavor indices until final result.
Let us start from (WA)exµν(x). Since replacement of symmetrization in µ, ν by antisym-








































(0)γk/p1γνBj (x)ψB(0)〉B−µ↔ ν−x↔ 0






















(0) B̆ν (x) /p1ψ (0) + ψ̄ (0) /p1B̆ν (x)
1
β











k⊥µ (q − k)
⊥










(βq, (q − k)⊥)− c.c.
]
(5.77)
where we used eqs. (A.66) and (A.67). Since the functions ji(x, k⊥) are actually functions
of x and k2⊥, the r.h.s. of the above equationcan be proportional only to g⊥µν or q⊥µ q⊥ν and
hence it vanishes
(WA)exµν(q) = 0 (5.78)
Similarly to the symmetric case studied in section 5.1.1, the replacement ψ → γ5ψ in
the projectile matrix elements leads to kµj1, → ±iεµνkνj1,2 and the replacement ψ → γ5ψ

















































































































































(q) = − iNc
(N2c − 1)Q2‖
∫
d2k⊥ [εµmkm (q − k)ν − µ↔ ν] J
2ff ′









d2k⊥ [kµενn (q − k)n − µ↔ ν] J2ff
′





−+ are defined in eq. (A.71).
5.4 Results for antisymmetric hadronic tensor for Z-mediated DY process
The “annihilation” part is given by eqs. (5.23) and (5.51)













fFf (q, k⊥) (5.83)






















cfcf ′(WZAff ′ )exµν(q) (5.84)






af [εµmkm(q − k)ν − µ↔ ν]J2ff
′
+− (q, k⊥)









−+ are defined in eq. (A.71).




























As usually, the exchange part is non-zero in our approximation only for transverse
indices.
6 Hadronic tensors for interference terms
6.1 Symmetric part of interference hadronic tensor W I1
From definitions (2.6) and (2.9) we get







ef ′cfaf + efcf ′af ′
) [
ψ̄ (x) γµψ (x)
]f [




ψ̄ (x) γµψ (x)
]f [








|A,B〉+ µ↔ ν (6.1)
where ψ = Ψ1 + Ψ2 in our approximation.
6.1.1 Annihilation-type terms
Let us start from the “annihilation” part





































The first term can be copied from photon case (4.5) so we need to consider the last two

















































Since we proved in section 5.1 that W̌ 5µν is negligible (see eq. (5.5)) we get










WFfµν (q) +WHfµν (q) +WH2fµν (q)
]
(6.3)
where WFfµν , WHfµν , and WH2fµν are given by eqs. (4.30), (4.66), and (4.68), respectively.
6.1.2 Exchange-type power corrections
Let us consider now the exchange-type power corrections. From eq. (6.13) we get











































































where W̌ ff ′exµν (x) is defined by eq. (4.71) while (W̌
Sff ′
5a,b )exµν(x) are defined in eq. (5.12). Thus,

















































−ef ′cf [εµmkm(q−k)ν+µ↔ ν]I1ff
′
+− (q,k⊥)+efcf ′ [kµενn(q−k)n+µ↔ ν]I
1ff ′
−+ (q,k⊥)
whereW ff ′exµν (q), (W
Sff ′
5a )exµν(q), and (W
Sff ′
5b )exµν(q) are given in eqs. (4.80), (5.14), and (5.15),
respectively.
6.1.3 The result for the symmetric part of W I1µν(x)
The result for W I1Sµν (q) can be represented as a sum of “annihilation” and “exchange” parts
W I1Sµν (q) = W I1Sanµν (q) +W I1Sexµν (q)
W I1Sanµν (q) =
∑
f
efcfaf [WFfµν (q) +WHfµν (q) +WH2fµν (q)]
W I1Sexµν (q) = r.h.s. of eq. (6.5) (6.6)

















6.2 Antiymmetric part of interference hadronic tensor W I1
From definitions (2.6) and (2.9) we get







ef ′cfaf + efcf ′af ′
) [
ψ̄ (x) γµψ (x)
]f [




ψ̄ (x) γµψ (x)
]f [








|A,B〉 − µ↔ ν (6.7)
where ψ = Ψ1 + Ψ2 in our approximation.
Let us start from the annihilation part. After Fierz transformations (A.1) and (A.5)
we get

























































where we used definitions (5.24). As demonstrated in section 5.2, W̌ 5fµν = W̌ asfµν = 0 with
our accuracy and WFfαβ (q) is given by eq. (5.50) so we obtain
W I1Aanµν (q) = −iεµναβqα
∫
d2k⊥ (q̃ + q⊥ − 2k⊥)β
∑
f
efcfF f (q, k⊥) (6.9)
The exchange-type power corrections are

























































where we used eq. (5.74). In the momentum space this gives
W I1Aexµν (q) =
iNc






cfef ′ [εµmkm (q − k)ν − µ↔ ν] J
2ff ′
+−






















6.2.1 The result for antisymmetric part of interference hadronic tensor W I1
As usual, the result consists of “annihilation” and “exchange” parts
W I1Aµν (q) = W I1Aanµν (q) +W I1Aexµν (q),
W I1Aanµν (q) = −iεµναβqα
∫
d2k⊥ (q̃ + q⊥ − 2k⊥)β
∑
f
efcfF f (q, k⊥),
W I1Aexµν (q) = r.h.s. of eq. (6.11) (6.12)
where F f (q, k⊥) is given by eq. (5.27). Obviously, qµW I1Aanµν (q) = 0.
6.3 Symmetric part of interference hadronic tensor W I2
From definitions (2.6) and (2.9) we get










ψ̄ (x) γµψ (x)
]f [




ψ̄ (x) γµψ (x)
]f [
ψ̄ (0) γνγ5ψ (0)
]f ′
− ef ′cf 〈A,B|
[






+ µ↔ ν (6.13)
where ψ = Ψ1 + Ψ2 in our approximation.
6.3.1 Annihilation-type power corrections
Let us start with annihilation-type power corrections. Since in this case f = f ′, the first
term in the r.h.s. of eq. (6.13) vanishes and the second turns to










Ψ̄1 (x) γµΨ̄2 (x)
] [




Ψ̄1 (x) γµγ5Ψ̄2 (x)
] [
Ψ̄2 (0) γνΨ̄1 (0)
]
+ µ↔ ν|A,B〉 − x↔ 0 (6.14)
After Fierz transformation (A.4) it turns to






Ψ̄n2 (0)σ ξν γ5Ψm2 (x)
]
(6.15)
− Ψ̄m1 (x)σµξγ5Ψn1 (0)]
[
Ψ̄n2 (0)σ ξν Ψm2 (x)
]
+ µ↔ ν|pA, pB〉
+ Ncgµν2s 〈pA, pB|
[
Ψ̄m1 (x) Ψn1 (0)
] [








|pA, pB〉 − x↔ 0

















Let us start from the second term. Obviously, the leading-twist contribution vanishes
















































The projectile matrix element can bring one factor of s while the target one cannot so the
contribution to W̌ Iµν(x) is ∼
gµν
αqs
which is O(βq)× qµνQ2‖
. Similarly, the contributions coming
from Ξ2 and Ξ̄1 are ∼ gµνβqs and can be neglected.




ψ̄mA (x) Ξn1 (0)
] [




ψ̄mA (x) γ5Ξn1 (0)
] [
ψ̄nB (0) Ξm2 (x)
]







































= −gµν2s3 〈ψ̄ (x) 6A (x) 6p2
1
α
ψ (0)〉A〈ψ̄ (0) 6B (0) 6p1γ5
1
β
ψ (x)〉B − x↔ 0 (6.17)
where again we used eq. (A.13) without two last terms and eq. (4.34). Now, from equations
of motion (A.54) and (A.55) we see that the target matrix element vanishes:∫









dx e−iβx?+i(k,x)⊥〈ψ̄(0)γi 6p1γ5ψ(x)〉B ∼
k⊥i
βq
sεijkj = 0 (6.18)




Ξ̄m1 (x) Ψn1 (0)
] [







































Next, two-gluon contribution from Ξ̄1 and Ξ1 vanishes since Ξ̄1Ξ1 = 0, and similarly
Ξ̄2Ξ2 = 0. Finally, the contribution coming from Ξ̄1 and Ξ2 is ∼ 1N2c as demonstrated in
section 4.3.2 (see eq. (4.63)), so the second term in eq. (6.15) vanishes and we get






Ψ̄n2 (0)σ ξν γ5Ψm2 (x)
]
(6.20)
− Ψ̄m1 (x)σµξγ5Ψn1 ) (0)]
[
Ψ̄n2 (0)σ ξν Ψm2 (x)
]
+ µ↔ ν|pA, pB〉 − x↔ 0
This contribution is similar to eq. (4.39) up to extra γ5 and relative signs. As we discussed
above, extra γ5 cannot change the power of our small parameters
q2⊥
Q2 and αq, βq so we can
consider only terms which gave leading contributions to V Hµν .
The leading-twist contribution













ψ̄B (0)σ ξν ψB (x)
]
+ µ↔ ν|pA, pB〉 − x↔ 0
is easily obtained from parametrizations (A.44)



















H f (q, k⊥) (6.22)
where
H f (q, k⊥) = h⊥1 (αq, k⊥)h̄⊥1 (βq, (q − k)⊥)− h⊥1f ↔ h̄⊥1f (6.23)
As usually, the term with h⊥1f ↔ h̄⊥1f comes from x↔ 0 contribution.
Next, we need to consider terms in eq. (6.20) with one or two gluon operators and
generalize the calculations from section 4.3 to our case.
6.3.2 One-gluon terms
Let us first consider term coming from Ξ1(0) = isσ?iB
i 1
αψA. Separating color-singlet matrix
elements in eq. (6.15), we get
W̌
1I(1)







ψ (0)〉A〈ψ̄Bi (0)σ ξν γ5ψ (x)
]
〉B (6.24)
− ψ (0)⊗ γ5ψ (x)↔ γ5ψ (0)⊗ ψ (x) + µ↔ ν
}
− x↔ 0
As we mentioned, this contribution is similar to the one considered in section 4.3.1 so we

















cases are power-suppressed. We get
W̌
1I(1)



































− ψ(0)⊗ γ5ψ(x)↔ γ5ψ(0)⊗ ψ(x)
}
− x↔ 0 (6.25)
where we used power-counting results from ref. [16] to eliminate terms proportional to p1µ,
cf eq. (4.42). Moreover, similarly to eq. (4.42) case, eq. (A.9) shows that two last terms in
the r.h.s. of eq. (6.25) are small and therefore
W̌
1I(1)




〈ψ̄ (x) [giν⊥σ?j − gijσ?ν⊥ ]
1
α






ψ (0)〉A〈ψ̄Bi (0)σ•ν⊥γ5ψ (x)
]
〉B
















ψ (0)〉A〈ψ̄Bi (0)σ•iψ (x)〉B
}
− x↔ 0 (6.26)
where we used eqs. (A.9), (4.34), and (6.18). Next, the target matrix element in the first
term in the r.h.s. can be rewritten as










ψ(0)〉A〈ψ̄(0) 6B(0) 6p1ψ(x)〉B − x↔ 0 (6.28)
where we used σ?ν⊥γ5 = iενjσ
j
? . Now, from equation of motion (A.56) and parametriza-
tion (A.44) we get the corresponding contribution to W̌ 1Iµν(x) in the form
W̌
1I(1)

















































































































































(x)σ?jψ(0)〉A〈ψ̄(0) 6p1 6B(x)ψ(x)〉B − x↔ 0 (6.30)
where we left only the terms similar to the leading terms in eq. (6.25) and made the same
transformations.
Now, from equation of motion (A.56) and parametrization (A.44) we get the corre-
sponding contribution to W̌ 1Iµν(x) in the form
W̌
1I(1)








⊥H (q, k⊥) (6.31)

















Let us now consider term in eq. (6.20) coming form Ξ2. For longitudinal µ and trans-
verse ν we get
W̌
1I(2)
















































ψ(x)〉B − ψ(0)⊗ γ5ψ(x)↔ γ5ψ(0)⊗ ψ(x)
}
− x↔ 0
where we neglected contribution ∼ p2µ since it is ∼ p2µq⊥ν
m2⊥
βqs2
, see power counting (without
















−〈ψ̄Ai (x)σ?ν⊥ψ (0)〉A〈ψ̄ (0)σ•iγ5
1
β




















































result (6.34) of Ξ2 so we finally get









⊥ (q − k)
2
⊥ + αp1µ (q − k)
j k2⊥
]
H (q, k⊥) + µ↔ ν
(6.35)
where we have added the contribution of transverse µ and longitudinal ν.
6.3.3 Two-gluon terms
Let us start from the contribution to W̌ Iµν(x) of eq. (6.20) coming from ΞA and ΞB. After
separation of color-singlet matrix elements, it takes the form











− ψ (0)⊗ γ5ψ (x)↔ γ5ψ (0)⊗ ψ(x) + µ↔ ν
}
− x↔ 0
This equation resembles V̌ (2a)H1µν (x) of eq. (4.47) calculated in section 4.3.2 so we will use
power counting from that section and consider only two transverse or two longitudinal
indices.
First, let us consider transverse µ and ν.


















− ψ (0)⊗ γ5ψ (x)↔ γ5ψ (0)⊗ ψ(x) + µ↔ ν
}
− x↔ 0
Similarly to eq. (4.48), from eqs. (A.9) and (4.34), we see that the second term in the r.h.s.































































− ψ (0)⊗ γ5ψ(x)↔ γ5ψ(0)⊗ ψ(x)
]

















Moreover, it is easy to see that the first term in the r.h.s. can be omitted: either projectile
or target matrix element vanishes due to eq. (4.34). For the next two terms in the r.h.s. of
























〈ψ̄ (x)Aν (x)σ i? γ5
1
α





























ψ (x)〉B = 0 (6.39)
since the target matrix element in the first term vanishes due to Ee. (4.34), the one in


























− ψ (0)⊗ γ5ψ (x)↔ γ5ψ (0)⊗ ψ (x)
}
= 〈ψ̄ (x) [Ai (x)σ?ν −Aνσ?i
1
α






















ψ (0)〉A〈ψ̄Bµ (0)σ jν⊥γ5
1
β
ψ (x)〉B = 0 (6.40)
for the same reason: the projectile matrix element in the first term in the r.h.s. vanishes
due to eq. (4.34), the one in the second term due to eq. (6.18), and the last two terms are
small by power counting. Thus, we get the result that there is no contribution to W 2I(1)µ⊥ν⊥(q)
with our accuracy.




σ•j + µ↔ ν = −2sg‖µν
(
σ?j ⊗ σ•j −
1
s





































where we omitted contribution from the second term in the r.h.s. of eq. (6.41) due to power
counting coming from Eq, (A.9). Now, using eq. (A.35) one obtains





















− x↔ 0 = 0 (6.43)
due to eqs. (4.34) and (6.18). Thus, we get
W̌ 2I(1)µν (x) = 0 (6.44)
Similarly, one can demonstrate that the contribution to W̌ Iµν(x) of eq. (6.20) coming from
Ξ̄A and Ξ̄B vanishes.
Let us now consider term coming from Ξ̄2 and Ξ2. After separating color-singlet
contributions, it takes the form





























− x↔ 0 (6.45)
The power counting for similar eq. (4.58) in section 4.3.2 shows that we need to take µ and
ν both longitudinal:



























































ψ (x)〉B = 0 (6.46)
where we used formula σ?k ⊗ σ k• γ5 − σ?kγ5 ⊗ σ k• = 0 following from eq. (A.13). Also, one
can demonstrate that the contribution to W̌ Iµν coming from Ξ̄A and ΞA vanishes. Finally,
similarly to eq. (4.63), we can neglect terms ∼ 1
N2c
coming from Ξ̄1,ΞB and Ξ̄2,ΞA, see the
discussion in section 4.3.2. Thus, we get the result that the contribution to W̌ Iµν coming
from two quark-quark-gluon TMDs vanishes with our accuracy:

















6.3.4 Exchange-type power corrections
The exchange-type power corrections to eq. (6.13) are







ef ′cfaf − efcf ′af ′
) [
Ψ̄1 (x) γµΨ1 (x)
]f [




Ψ̄1 (x) γµγ5Ψ1 (x)
]f [




Ψ̄1 (x) γµΨ1 (x)
]f [




+ µ↔ ν − x↔ 0
(6.48)
The terms in the r.h.s. differ from those in eqs. (4.70), (5.14), and (5.15) by replacement
of “+x↔ 0” by “−x↔ 0” which leads to change sign of “± c.c.” terms in those equations
so we get instead of eq. (5.21)





















−− (q,k⊥)−g⊥µν (k,q−k)⊥ I
2ff ′
−− (q,k⊥) (6.49)
+cfef ′ [εµmkm (q−k)ν+µ↔ ν]J
1ff ′
+− (q,k⊥)




where J i±± and Ii−− are defined in eqs. (A.71) and (A.72).
6.3.5 Result for symmetric interference term W I2san
As usual, we represent the result for hadronic tensor W I2Sµν (q) as a sum of the “annihilation”
and “exchange” parts:
W I2Sµν (q) = W I2Sanµν (q) +W I2Sexµν (q)
(6.50)
where the exchange-type corrections are presented in eq. (6.49) above while W I2Sanµν (q) is
given by the sum of eqs. (6.22) and (6.35)






















j (q − k)2⊥ + αp1ν (q − k)
j k2⊥
])
H f (q, k⊥) + µ↔ ν (6.51)

















qµW I2Sanµν (q) = 0. First, let us rewrite it in as follows:












kj (q − k)i + (q − k)
j ki + δji (k, q − k)⊥
]








kj (q − k)2⊥ − (q − k)
j k2⊥
]
H f (q, k⊥) + µ↔ ν (6.52)




















j + µ↔ ν
]
= 0 (6.54)
and therefore qµW Ifµν(q) = 0.
6.4 Antisymmetric interference term of tensor W I2
Similarly to the symmetric case (6.13), from definitions (2.6) and (2.9) we get










ψ̄ (x) γµψ (x)
]f [




ψ̄ (x) γµψ (x)
]f [
ψ̄ (0) γνγ5ψ (0)
]f ′
− ef ′cf 〈A,B|
[






− µ↔ ν (6.55)
6.4.1 Annihilation-type power corrections
Again, let us start with annihilation-type power corrections. Since in this case f = f ′, the
first term in the r.h.s. of eq. (6.55) vanishes and the second can be written as










Ψ̄1 (x) γµΨ̄2 (x)
] [








− µ↔ ν|A,B〉+ x↔ 0 (6.56)
where we made the usual replacement ψ → Ψ1 + Ψ2. After Fierz transformation (A.6) the
r.h.s. of the above equation turns to












































Let’s us demonstrate that W̌ IAµν (x) is small in our approximation. After Fierz trans-




























It is convenient to convolute W IAµν (x) with εµναβ and consider


































This is similar to W̌ asµν(x) of eq. (5.56) studied in previous section. The only difference
is the relative sign between the first and the second term in the r.h.s. of these equations
(and replacement of “−x↔ 0” by “+x↔ 0” which does not change power counting). Let
us qiuckly check that this relative sign does not change the result that the contribution is











ψ (0)〉A〈ψ̄ (0)Bi (0)ψ (x)〉B−ψ (0)⊗ψ (x)↔ γ5ψ (0)⊗γ5ψ (x)
}
−x↔ 0
As discussed in previous section after eq. (5.57), the two terms in the r.h.s. of eq. (5.57)
vanish separately for transverse µ and ν, are both small for one longitudinal and one
transverse index, and the term which changed sign is neglected in eq. (5.59) so in all cases
the relative sign does not matter. Similarly, one can check this for other one-gluon terms.

















ψ (x)〉B − ψ (0)⊗ ψ (x)↔ γ5ψ (0)⊗ γ5ψ (x)
}

















Again, this differs from eq. (5.65) by relative sign between two terms. Looking at the deriva-
tion of eq. (5.67) we see that both terms in the r.h.s. vanish separately due to eq. (4.34) so
eq. (6.62) = 12s3
{















+ x↔ 0 = 0
(6.63)
If µ and ν are longitudinal, we get
eq. (6.62) = 2i
s5
















− ψ (0)⊗ ψ (x)↔ γ5ψ(0)⊗ γ5ψ(x)
}
− x↔ 0 = 0 (6.64)
If now one of indices is longitudinal and the other transverse, the contribution is small due
to power counting as discussed after eq. (5.71) so the two-gluon term coming from Ξ1 and
Ξ2 vanishes with our accuracy. The corresponding contribution coming from Ξ̄1 and Ξ̄2
vanishes for the same reason.
Finally, as shown in eq. (5.72), terms coming from Ξ̄1, Ξ1 and from Ξ̄2B, Ξ2B are small
due to power counting. Also, as usually we neglect the terms coming from Ξ̄1, Ξ2B and
from Ξ̄2B, Ξ1 are ∼ 1N2c so
W̌ IAµν (q) = W̌ IAµν (q) = 0 (6.65)
with our accuracy.
6.4.2 Exchange-type power corrections and the result for W I2
The exchange-type power corrections to eq. (6.55) are







ef ′cfaf − efcf ′af ′
) [
Ψ̄1 (x) γµΨ1 (x)
]f [




Ψ̄1 (x) γµΨ1 (x)
]f [




Ψ̄1 (x) γµγ5Ψ1 (x)
]f [




− µ↔ ν + x↔ 0
(6.66)
Similarly to the symmetric case, one can use formulas from section 5.3.3 with change of
signs of complex conjugations. Indeed, the terms in the r.h.s. of eq. (6.66) differ from those
in eqs. (5.76) and (5.82) by replacement of “+x↔ 0” by “−x↔ 0” which leads to change
sign of “± c.c.” terms in those equations. We get









af [εµmkm (q − k)ν − µ↔ ν] I
2ff ′
+− (q, k⊥)






















Finally, since we proved in previous section that annihilation-type power corrections
W I2Aµν vanish, the total result for W I2Aµν is equal to the “exchange” part:
W I2Aµν (q) = (W I2A)exµν(q) = r.h.s of eq. (6.67) (6.68)
7 Results
In this section we will take into account only gauge-invariant terms coming from
annihilation-type terms proportional to TMDs f1 and h⊥1 . The reason to neglect
annihilation-type ∼ W 2H(q) is that the twist-three matrix elements (A.63) are virtually
unknown, and exchange-type power corrections can presumably be neglected due to extra
1
Nc
. Anyway, taking into account leading-twist contributions and their “gauge-invariance-
restoring” counterparts appears to a good start for estimations of DY hadronic tensors.
7.1 Hadronic tensors in Collins-Soper frame
In Collins-Soper frame the hadronic tensors are parametrized in terms of q and three unit






















where Q⊥ ≡ |q⊥|.
7.1.1 Hadronic tensor for photon-mediated DY process
We parametrize photon-mediated hadronic tensor in a standard way (up to extra Nc and
flavor factors), separately for WFfµν and WHfµν defined in eq. (4.79)



















− (XµZν +XνZµ)WFf∆ (7.3)
and similarly



















− (XµZν +XνZµ)WHf∆ (7.4)











































































































These expressions were obtained in ref. [16].
7.1.2 Hadronic tensor for Z-mediated DY process















whereWFfµν (q) andWHfµν (q) are expressed in terms of X and Z vectors in eqs. (7.3) and (7.4)
above.
The antisymmetric part (5.83) can be parametrized as
















W Ff4 (q) =
∫




1− 2 (q, k)⊥
q2⊥
)
F f (q, k⊥) (7.9)
with F f (q, k⊥) given by eq. (5.27).
7.1.3 Interference tensors
The symmetric part of the interference tensor W I1µν(q) is given by eq. (6.6)





WFfµν (q) +WHfµν (q)
]
(7.10)
where WFfµν (q) and WHfµν (q) are given by eqs. (7.3) and (7.4) above.
The antisymmetric part of W I1µν(q) is given by eq. (6.12) which can be represented
similarly to eq. (7.14)





























where W FfA,B(q) are given by eq. (7.9).
Next, the symmetric part of W I2µν(q), given by eq. (6.52), can be parametrized as














+ µ↔ ν (7.12)
where






2 (q, k)⊥ (q, q − k)⊥
q2⊥
− (k, q − k)⊥
]
H f (q, k⊥)






(q, k)⊥ (q − k)
2




H f (q, k⊥) (7.13)
Finally, the antisymmetric part of W I2µν(q) vanishes, see eq. (6.65).


















































































































































































The angular dependence in the CS frame can be displayed using the convolutions of leptonic










































































W If1 sin2 θ sin2φ+
Q⊥
Q
W If2 sin2θ sinφ
]}
(7.18)
where φi = φi(Q2) and W i = W i(αq, βq, Q2).
The above formula (7.18) is the main result of the paper. It should be compared to
standard representation of angular distribution of DY leptons (1.3)
7.2 Comparison with LHC measurements
The LHC measurements are integrated over the region of invariant mass of DY pair be-
tween 80 and 100GeV. In this kinematic region the most important contribution comes
from terms in eq. (7.18) multiplied by φ1. Indeed, for an estimate we can consider






















Since the accuracy of our small-x approximation is αq = xA, βq = xB ∼ 0.1 we can neglect
all contributions coming form terms not multiplied by φ1. Moreover, both theoretical [28]
and phenomenological [29, 30] analysis indicate that h⊥1 is of order of few percent of f1
and hence in numerical estimates we will disregard the contribution of h⊥1 . Introducing
notations
W Ff (q) =
∫
d2k⊥F





F f (q, k⊥) (7.20)
W Ff1 (q) =
∫
d2k⊥
(q, q − 2k)⊥
q2⊥




















































W Ff1 sin2θ cosφ+
Q2⊥
2Q2 W











where W Ff3 and W
Ff
4 are defined in eq. (7.9). Since we neglected exchange-type power
corrections we should expect the accuracy of order of 1Nc ∼ 30%. Let us discuss now some
qualitative and semi-quantitative predictions of this equation. First, let us evaluate Wi at
Q2⊥  m2 following ref. [14].
7.2.1 Logarithmical estimates of Wi at Q2⊥  m2
At q2⊥  m2 we probe the perturbative tail of TMD f1 which is ∼ 1k2⊥ So, as long as
















as long as k2⊥  Q2. Thus, we get an estimate
F f (q, k⊥) '
F f (αq, βq)
k2⊥(q − k)2⊥
, F f (αq, βq) ≡ ff (αq)f̄f (βq) + ff ↔ f̄f ,
F f (q, k⊥) '
F f (αq, βq)
k2⊥(q − k)2⊥
, F f (αq, βq) ≡ ff (αq)f̄f (βq)− ff ↔ f̄f . (7.24)
Due to eqs. (7.22) and (7.23), the integrals over k⊥ are logarithmic and should be cut from













(k, q − k)⊥
k2⊥(q − k)2⊥




where we assumed that the first integral is determined by the logarithmical region q2⊥ 
k2⊥  m2N and the second by Q2  k2⊥  q2⊥. Taking these integrals to eq. (7.20) one
obtains


















F f (αq, βq)







F f (αq, βq) , W Ff1 (q) ' W
Ff

















Figure 4. Comparison of prediction (7.29) with lines depicting angular coefficient A0 in bins of
Q⊥ and Y < 1 from ref. [18]. (long bins) and ref. [17] (short bins).
For numerical estimates of A0 and A2 we will need the ratio
r(Q2⊥) ≡
W FfL (q)





















































7.2.2 Estimates of A0 and A2

















where we replaced Q2 by m2Z since this function varies slowly between 80 and 100GeV.
This formula is compared to LHC measurements in figure 4. The accuracy of our estimate
is about 20% which is reasonable since we neglected corrections ∼ 1Nc .
































Figure 5. Comparison of prediction (7.30) with lines depicting angular coefficient A2 in bins of
Q⊥ and Y < 1 from ref. [18]. (long bins) and [17] (short bins).
7.2.3 Qualitative checks for other angular coefficients
First, note that between 10 and 30GeV the coefficient A1 from table 15 of ref. [17] is an
order of magnitude smaller than A0 from table 14 (or A2 from table 16) in accordance
with our estimate A1 ' 0. This is another argument in favor of factorization hypothesis
f1(xB, k⊥) ' f1(xB)g(k⊥) which is frequently used in current TMD literature.
Second, from eq. (7.28) we see that our estimate for A4 involves non-trivial flavor
structure, but one thing immediately seen is that A4 does not depend on Q⊥ in our region
10–30GeV. As one can see from table 18 of ref. [17], the experimental numbers for A4
almost do not change in this kinematical region. Moreover, from eq. (7.24) F f (αq, βq) = 0
at Y = 0 (i.e., when αq = βq) so we should expect that A4 in rapidity bin 2 > Y > 1
is greater than in bin Y < 1, and table 18 confirms that. On the contrary, the results
for A0 and A2 do not change much between those rapidity beans in accordance with our
prediction that F f (αq, βq) does not change radically.
Third, our estimate A3 = 0 is in accordance to the fact that experimental numbers for
A3 from table 17 of ref. [17] are order of magnitude smaller than numbers A4 from table 18.
Finally, the coefficients A5 to A7 do not appear in our estimate (7.18), again in accor-
dance with tables 19–21 of ref. [17] where the numbers for A5, A6, and A7 are actually two
orders of magnitude smaller than the numbers for A0 or A2 in our kinematical region.
Summarizing, it looks like our f1-based estimates point in the right direction, but of
course more phenomenological work is required. Note also that in ref. [16] it was demon-
strated that TMD evolution in the double-log approximation does not affect the predictions
for angular coefficients, but the single-log corrections to TMD evolution may change the
results for asymmetries. The study is in progress.
8 Conclusions and outlook
To my knowledge, this is the first analysis of DY angular coefficients in the framework of























about the TMD analysis of DY process: can we predict/explain angular dependence of DY
cross section from TMD factorization at LHC kinematical range and reciprocally, can we
learn something about proton structure from this?
The answer to first question is probably yes. We see that when we have sufficient
knowledge about TMDs responsible for a particular angular coefficient, that coefficient
comes out with reasonable accuracy even with back-of-the-envelope estimates. For example,
the very naive estimate of the coefficients A0 and A2 agrees with experiment at 30%
accuracy. The error may be due to our approximation of TMDs by perturbative tails
or maybe it is due to 1Nc corrections proportional to higher-twist operators. I hope that
careful analysis involving established models of f1(x, q⊥) will distinguish between these two
possibilities. As to the rest of angular coefficients, more details about quark TMDs and
at least some guesses about quark-quark-gluon TMDs are necessary to make quantitative
predictions. Also, one needs to take into account fiducial power corrections, see recent
paper [19] for a review.
This bring us to the second question, namely how much we can learn about proton
structure from Z-boson experiments. First, as was demonstrated above, the coefficients A0
and A2 are determined by TMD f1 with 1Nc ∼ 30% accuracy. We used the naive logarithmic
estimates and it is natural to assume that the realistic models for f1 will move the curves
in figures 4 and 5 closer to the experimental points. Also, it should be mentioned, tat
the “factorization hypothesis” for the LT TMDs like f(xB, k⊥) ' f(xB)g(k⊥) seems to be
confirmed by experimental data in a sense that the angular coefficients which vanish in
this approximation are smaller than the non-vanishing ones. The coefficients A1, A3, and
A4 are determined by non-factorized part of f1 or higher-twist exchange contributions.
Next, the coefficients A5-A7 seem to be determined by exchange-type corrections pro-
portional to higher-twist quark-quark-gluon TMDs. Unfortunately, comprehensive analysis
of exchange-type power corrections requires calculation of higher-twist contributions restor-
ing EM gauge invariance of these corrections, see the discussion in section 4.5.
Let us also discuss the perturbative corrections to asymmetries. As demonstrated in
ref. [16] our estimates of asymmetries are not affected by summation of Sudakov double logs,
but single logs may bring some changes to tree-level results. It should be also emphasized
that, as discussed in refs. [14, 15], from the rapidity factorization (3.2) we get TMDs with
rapidity-only cutoff |α| < σt or |β| < σp. Such cutoff, relevant for small-x physics, is
different from the combination of UV and rapidity cutoffs for TMDs used by moderate-x
community, see the analysis in two [31–33] and three [34] loops. This difference in cutoffs
does not matter for the tree-level formulas of section 7, but if one goes beyond the tree level,
one has to relate TMDs with rapidity-only cutoffs to the TMD models with conventional
cutoffs. This requires calculations at the NLO level which are in progress.
The author is grateful to A. Prokudin and A. Vladimirov for valuable discussions.
This work is supported by Jefferson Science Associates, LLC under the U.S. DOE contract

















A Frequently used formulas
A.1 Formulas with Dirac matrices
A.1.1 Fierz transformations








































































































































































(ψ̄γµχ)(χ̄γνγ5ψ)− (ψ̄γµγ5χ)(χ̄γνψ)− µ↔ ν
]
(A.6)
























A.1.2 Formulas with σ-matrices










such that ε12 = 1 and εijεkl = gikgjl − gilgjk. The frequently used formula is














σijσ•k = −σ•kσij = −igikσ•j + igjkσ•i, σijσ?k = −σ?kσij = −igikσ?j + igjkσ?i
(A.9)
We need also the following formulas with σ-matrices in different matrix elements
σ̃µν ⊗ σ̃αβ = −
1
2(gµαgνβ − gναgµβ)σξη ⊗ σ
ξη
+ gµασβξ ⊗ σ ξν − gνασβξ ⊗ σ ξµ − gµβσαξ ⊗ σ ξν + gνβσαξ ⊗ σ ξµ − σαβ ⊗ σµν (A.10)
and
σ̃µξ ⊗ σ̃ ξν = −
gµν
2 σξη ⊗ σ
ξη + σνξ ⊗ σ ξµ , σξη ⊗ σ̃ξη = σ̃ξη ⊗ σξη (A.11)
σµξγ5 ⊗ σ ξν γ5 + µ↔ ν −
gµν
2 σξηγ5 ⊗ σ
ξηγ5 = −
[
σµξ ⊗ σ ξν + µ↔ ν −
gµν
2 σξη ⊗ σ
ξη
]
σ̃?j ⊗ σ̃•k = −
s
4gjkσξη ⊗ σ
ξη + s2σkξ ⊗ σ
ξ
j + gjkσ•ξ ⊗ σ
ξ
? − σ•k ⊗ σ?j
= −s4gjkσmn ⊗ σ





σ?i ⊗ σ•j − σ?iγ5 ⊗ σ•jγ5 (A.13)









σ k? ⊗ γiσ•kγj = p̂2γk ⊗ 6p1γiγkγj = p̂2γk ⊗ 6p1 (gikγj + gjkγi − gijγk)
= p̂2(gikγj + gjkγi − gijγk)⊗ 6p1γk = (γjσ k? γi)⊗ σ•k (A.14)
We will need also
6p2 ⊗ γi 6p1γj + 6p2γ5 ⊗ γi 6p1γjγ5 = γj 6p2γi ⊗ 6p1 + γj 6p2γiγ5 ⊗ 6p1γ5 (A.15)
10We use conventions from Bjorken & Drell where ε0123 = −1 and γµγνγλ = gµνγλ + gνλγµ − gµλγν −


















A.1.3 Formulas with γ-matrices and one gluon field










































where F̃µν = 12εµνλρF
λρ as usual. With this definition we have Ãi = −εijAj and B̃i = εijBj
so
6p2Ăi = −6A 6p2γi, Ăi 6p2 = −γi 6p2 6A, 6p1B̆i = −6B 6p1γi, B̆i 6p1 = −γi 6p1 6B (A.19)
We also used
Ai 6p2 ⊗ γn 6p1γi +Ai 6p2γ5 ⊗ γn 6p1γiγ5 = −6p2Ăn ⊗ 6p1 − 6p2Ănγ5 ⊗ 6p1γ5
Ai 6p2 ⊗ γi 6p1γn +Ai 6p2γ5 ⊗ γi 6p1γnγ5 = −Ăn 6p2 ⊗ 6p1 − Ăn 6p2γ5 ⊗ 6p1γ5
γn/p2γ
i ⊗ /p1Bi + γn/p2γ
iγ5 ⊗ /p1γ5Bi = −/p2 ⊗ /p1B̆n − /p2γ5 ⊗ /p1B̆nγ5
γi/p2γn ⊗ /p1Bi + γ
i





6p1 6p2γi ⊗Biγn + 6p1 6p2γiγ5 ⊗Biγnγ5
]




γi 6p2 6p1 ⊗Biγn + γi 6p2 6p1γ5 ⊗Biγnγ5
]





ip̂1 ⊗ p̂1Bi + p̂2γip̂1γ5 ⊗ p̂1γ5Bi
)
= −γi ⊗ B̆ip̂1 − γiγ5 ⊗ B̆ip̂1γ5
γkγ
ip̂2 ⊗Biγk + γkγip̂2γ5 ⊗Biγkγ5 = p̂2 ⊗ γiB̆i + p̂2γ5 ⊗ γiB̆iγ5,
/p2γ
jγi ⊗ /p1Bj + /p2γ5γ
iγj ⊗ /p1γ5Bj = /p2 ⊗ /p1B̆i + /p2γ5 ⊗ /p1γ5B̆
i,
/p2γ
iγj ⊗ /p1Bj + /p2γ5γ
iγj ⊗ /p1γ5Bj = /p2 ⊗ /p1B̆
i + /p2γ5 ⊗ /p1γ5B̆
i. (A.21)
A.1.4 Formulas with γ-matrices and two gluon fields
With definition (A.18), we have the following formulas
Ai ⊗ B̃j = gijÃk ⊗Bk − Ãj ⊗Bi, Ãi ⊗Bj = gijAk ⊗ B̃k −Aj ⊗ B̃i (A.22)
Ãi ⊗ B̃j = −gijAk ⊗Bk +Aj ⊗Bi, ⇒ Ãi ⊗ B̃i = −Ai ⊗Bi, Ãi ⊗Bi = Ai ⊗ B̃i
In addition, it is convenient to define

















Using these formulas, after some algebra one obtains
γm 6p2γjAi ⊗ γn 6p1γiBj + γm 6p2γjAiγ5 ⊗ γn 6p1γiBjγ5 = 6p2Ăn ⊗ 6p1B̆m + 6p2Ănγ5 ⊗ 6p1B̆mγ5
γj 6p2γmAi ⊗ γn 6p1γiBj + γj 6p2γmAiγ5 ⊗ γn 6p1γiBjγ5 = 6p2Ăn ⊗ B̆m 6p1 + 6p2Ănγ5 ⊗ B̆m 6p1γ5
γm 6p2γjAi ⊗ γi 6p1γnBj + γm 6p2γjAiγ5 ⊗ γi 6p1γnBjγ5 = Ăn 6p2 ⊗ 6p1B̆m + Ăn 6p2γ5 ⊗ 6p1B̆mγ5
γj 6p2γmAi ⊗ γi 6p1γnBj + γj 6p2γmAiγ5 ⊗ γi 6p1γnBjγ5 = Ăn 6p2 ⊗ B̆m 6p1 + Ăn 6p2γ5 ⊗ B̆m 6p1γ5
(A.24)
and
6p2Ăm ⊗ 6p1B̆n + 6p2Ănγ5 ⊗ 6p1B̆mγ5 = gmn 6p2Ăk ⊗ 6p1B̆k
6p2Ăm ⊗ B̆n 6p1 + 6p2Ănγ5 ⊗ γ5B̆m 6p1 = gmn 6p2Ăk ⊗ B̆k 6p1
Ăm 6p2 ⊗ 6p1B̆n + γ5Ăn 6p2 ⊗ 6p1B̆mγ5 = gmnĂk 6p2 ⊗ 6p1B̆k
Ăm 6p2 ⊗ B̆n 6p1 + γ5Ăn 6p2 ⊗ γ5B̆m 6p1 = gmnĂk 6p2 ⊗ B̆k 6p1 (A.25)
The corollary of eq. (A.25) is
6p2Ăkγ5 ⊗ 6p1B̆kγ5 = 6p2Ăk ⊗ 6p1B̆k, 6p2Ăkγ5 ⊗ γ5B̆k 6p1 = 6p2Ăk ⊗ B̆k 6p1
γ5Ăk 6p2 ⊗ 6p1B̆kγ5 = Ăk 6p2 ⊗ 6p1B̆k, γ5Ăk 6p2 ⊗ γ5B̆k 6p1 = Ăk 6p2 ⊗ B̆k 6p1 (A.26)
From eqs. (A.24) and (A.25) one easily obtains
γm 6p2γjAi⊗ γn 6p1γiBj + γm 6p2γjAiγ5⊗ γn 6p1γiBjγ5 +m↔ n = 2gmn 6p2Ăk ⊗ 6p1B̆k (A.27)
and
γm 6p2γjAi ⊗ γn 6p1γiBj + γm 6p2γjAiγ5 ⊗ γn 6p1γiBjγ5 −m↔ n
= 2 6p2Ăn ⊗ 6p1B̆m −m↔ n,
γj 6p2γmAi ⊗ γi 6p1γnBj + γj 6p2γmAiγ5 ⊗ γi 6p1γnBjγ5 −m↔ n
= 2Ăn 6p2 ⊗ B̆m 6p1 −m↔ n (A.28)
We need also the formula
4
s2
Ai 6p1 6p2γj ⊗Bj 6p1 6p2γi





Ai 6p1 6p2γj ⊗Bj 6p1 6p2γi +Ai 6p1 6p2γjγ5 ⊗Bj 6p1 6p2γiγ5
)
= γjĂi ⊗ γiB̆j + γjĂiγ5 ⊗ γiB̆jγ5 (A.30)



















k = /p2Ăi ⊗ /p1B̆










i = /p2Ăi ⊗ B̆
i




k = Ăi/p2 ⊗ /p1B̆
i = γi 6p2 6A⊗ 6B 6p1γi. (A.31)
We used also
Akγm/p2γj ⊗B
jγn/p1γk +m↔ n− gmnA
kγi/p2γj ⊗B
jγi/p1γk
= Ăm 6p2 ⊗ B̆n 6p1 +m↔ n− gmnĂk 6p2 ⊗ B̆k 6p1,
Akγj/p2γm ⊗B




= 6p2Ăm ⊗ B̆n 6p1 +m↔ n− gmn 6p2Ăk ⊗ B̆k 6p1
Akγj/p2γm ⊗B




= 6p2Ăm ⊗ 6p1B̆n +m↔ n− gmn 6p2Ăk ⊗ 6p1B̆k,
Akγm/p2γj ⊗B








j −m↔ n = −Ăm/p2 ⊗ B̆n/p1 −m↔ n
γm/p2γ
jAk ⊗ γk/p1γnB
j −m↔ n = −/p2Ăm ⊗ B̆n/p1 −m↔ n
γj/p2γmA
k ⊗ γn/p1γ
kBj −m↔ n = −Ăm/p2 ⊗ /p1B̆n −m↔ n
γm/p2γ
jAk ⊗ γn/p1γ
kBj −m↔ n = −/p2Ăm ⊗ /p1B̆n −m↔ n (A.33)
Next, using formula (A.13) we get
Aiσ?j ⊗Bjσ•i −Aiσ?jγ5 ⊗Bjσ•iγ5 (A.34)
= (Āj 6p2γk − Āk 6p2γj)⊗ B̄j 6p1γk − ¯6A6p2 ⊗ ¯6B 6p1 −
s
2




We frequently use this formula in matrix elements like 〈ψ̄Ai(x)σ?j 1αψ(0)〉A
〈ψ̄Bj(0)σ•i 1βψ(x)〉B. It is easy to see that in such matrix elements the contribution




in comparison to the first two ones so for our
purposes
Aiσ?j ⊗Bjσ•i −Aiσ?jγ5 ⊗Bjσ•iγ5 '
(
Āj 6p2γk − Āk 6p2γj
)




[Ai 6p1 6p2γj ⊗Bj 6p2 6p1γi +Ai 6p1 6p2γjγ5 ⊗Bj 6p2 6p1γiγ5]





























Aiγn 6p2γj ⊗Bj 6p2 6p1γi +Aiγn 6p2γjγ5 ⊗Bj 6p2 6p1γiγ5
]
= −6p2Ăi ⊗ γiB̆n − 6p2Ăiγ5 ⊗ γiB̆nγ5 = 6A 6p2γi ⊗ γiB̆n + 6A 6p2γiγ5 ⊗ γiB̆nγ5.
The last formula which we need is
γm 6p2γjAi ⊗ γn 6p1γiBj + γm 6p2γjAiγ5 ⊗ γn 6p1γiBjγ5 = 6p2Ăn ⊗ 6p1B̆m + 6p2Ănγ5 ⊗ 6p1B̆mγ5
γj 6p2γmAi ⊗ γn 6p1γiBj + γj 6p2γmAiγ5 ⊗ γn 6p1γiBjγ5 = 6p2Ăn ⊗ B̆m 6p1 + 6p2Ănγ5 ⊗ B̆m 6p1γ5
γm 6p2γjAi ⊗ γi 6p1γnBj + γm 6p2γjAiγ5 ⊗ γi 6p1γnBjγ5 = Ăn 6p2 ⊗ 6p1B̆m + Ăn 6p2γ5 ⊗ 6p1B̆mγ5
γj 6p2γmAi ⊗ γi 6p1γnBj + γj 6p2γmAiγ5 ⊗ γi 6p1γnBjγ5 = Ăn 6p2 ⊗ B̆m 6p1 + Ăn 6p2γ5 ⊗ B̆m 6p1γ5
(A.38)
A.2 Parametrization of leading-twist matrix elements
Let us first consider matrix elements of operators without γ5. The standard parametrization






−iαx•+i(k,x)⊥ 〈 ˆ̄ψf (x•, x⊥)γµψ̂f (0)〉A (A.39)
= pµ1f
f















−iαx•+i(k,x)⊥ 〈 ˆ̄ψf (x•, x⊥)ψ̂f (0)〉A = mNef (α, k⊥)






−iαx•+i(k,x)⊥ 〈 ˆ̄ψf (0)γµψ̂f (x•, x⊥)〉A (A.40)
= −pµ1 f̄
f















−iαx•+i(k,x)⊥ 〈 ˆ̄ψf (0)ψ̂f (x•, x⊥)〉A = mN ēf (α, k⊥)
for the antiquark distributions.11
11In a general gauge for projectile and target fields these matrix elements read
〈ψ̂f (x)γµψ̂f (0)〉A = 〈ψ̂f (x•, x⊥)γµ[x•,−∞•]x[x⊥, 0⊥]−∞• [−∞•, 0•]0ψ̂f (0)〉A,
〈ψ̂f (x)γµψ̂f (0)〉B = 〈ψ̂f (x∗, x⊥)γµ[x∗,−∞∗]x[x⊥, 0⊥]−∞∗ [−∞∗, 0∗]0ψ̂f (0)〉B

















The corresponding matrix elements for the target are obtained by trivial replacements






−iβx?+i(k,x)⊥ 〈 ˆ̄ψf (x?, x⊥)γµψ̂f (0)〉B (A.41)
= pµ2f
f






















−iβx?+i(k,x)⊥ 〈 ˆ̄ψf (0)γµψ̂f (x?, x⊥)〉B (A.42)
= −pµ2 f̄
f















−iβx?+i(k,x)⊥ 〈 ˆ̄ψf (0)ψ̂f (x?, x⊥)〉B = mN ēf (β, k⊥).













−iαx•+i(k,x)⊥ 〈 ˆ̄ψf (0)γµγ5ψ̂f (x•, x⊥)〉A = −iεµ⊥ik
iḡ⊥f (α, k⊥)
(A.43)
The corresponding matrix elements for the target are obtained by trivial replacements
p1 ↔ p2, x• ↔ x? and α↔ β similarly to eq. (A.42).












1 − µ↔ ν
)
h⊥1f (α, k⊥) +
2mN
s






2 − µ↔ ν
)























2 − µ↔ ν
)
h̄⊥3f (α, k⊥) (A.44)
and similarly for the target with usual replacements p1 ↔ p2, x• ↔ x? and α↔ β.
Note that the coefficients in front of f3, g⊥f , h and h⊥3 in eqs. (A.39), (A.41), (A.43),
and (A.44) contain an extra 1s since p
µ
2 enters only through the direction of gauge link so
the result should not depend on rescaling p2 → λp2. For this reason, these functions do

















Last but not least, an important point in our analysis is that any f(x, k⊥) may have
only logarithmic dependence on Bjorken x but not the power dependence ∼ 1x . Indeed, at
small x the cutoff of corresponding longitudinal integrals comes from the rapidity cutoff
σa, see footnote 12 and corresponding discussion in ref. [16]. Thus, at small x one can
safely put x = 0 and the corresponding logarithmic contributions would be proportional
to powers of αs ln σa (or, in some cases, αs ln2 σa, see e.g. ref. [35]).
A.3 Matrix elements of quark-quark-gluon operators
In this section we will demonstrate that matrix elements of quark-antiquark-gluon operators
from section 4 can be expressed in terms of leading-power matrix elements from section A.2.
First, let us note that operators 1α and
1
β in eqs. (3.5) are replaced by ±
1
αq
and ± 1βq in






































































The corresponding formulas for target matrix elements are obtained by substitution α↔ β
(and x• ↔ x?).
Next, we will use QCD equation of motion to reduce quark-quark-gluon TMDs to
leading-twist TMDs (cf. ref. [20]). Let us start with matrix element∫
dx•dx⊥ e





































〈 ˆ̄ψ (x•, x⊥) /k⊥/p2γiψ̂ (0)〉A + αq〈







−ki〈 ˆ̄ψ (x•, x⊥) /p2ψ̂ (0)〉A + αq
s
2〈
ˆ̄ψ (x•, x⊥) γiψ̂ (0)〉A
− iεijkj〈 ˆ̄ψ (x•, x⊥) /p2γ5ψ̂ (0)〉A + i
s
2αεij〈
ˆ̄ψ (x•, x⊥) γjγ5ψ̂ (0)〉A
]
= −ki8π3sf1(αq, k⊥) + 8π3sαqki
[
f⊥(αq, k⊥) + g⊥(αq, k⊥)
]
, (A.49)
where we used parametrizations (A.39) and (A.43) for the leading power matrix elements.
Now, the second term in eq. (A.49) contains extra αq with respect to the first term,12










−iαqx•+i(k,x)⊥〈ψ̄f (x•, x⊥) 6A(x•, x⊥)/p2γiψ










−iαqx•+i(k,x)⊥〈ψ̄f (x•, x⊥)γi/p2 6A(0)ψ
f (0)〉A = −kif1f (αq, k⊥).











− 〈 ˆ̄ψ(0)γi/p2/k⊥ψ̂(x•, x⊥)〉A
− i〈 ˆ̄ψ(0)γi/p2 6D⊥ψ̂(x•, x⊥)〉A
]






−iαqx•+i(k,x)⊥〈 ˆ̄ψf (0)/p2Ăi(0)ψ̂f (x•, x⊥)〉A = −kif̄1f (αq, k⊥). (A.53)
The corresponding target matrix elements are obtained by trivial replacements x? ↔
x•, αq ↔ βq and /p2 ↔ /p1.

















12It can be demonstrated that f1(x, k2⊥), f⊥(x, k2⊥), and f⊥(x, k2⊥) have the same type of (logarithmic)
behavior at low x. Indeed, the low-x behavior is determined by interaction with pomeron. This interaction

































h⊥1 (αq, k⊥) + αqmN
[
e(α, k⊥) + ih(α, k⊥)
]
. (A.55)





−iαqx•+i(k,x)⊥〈 ˆ̄ψf (x•, x⊥)/p2 6A(x•, x⊥)ψ̂










−iαqx•+i(k,x)⊥〈 ˆ̄ψf (x•, x⊥)/p2 6A(0)ψ̂










−iαqx•+i(k,x)⊥〈 ˆ̄ψf (0)/p2 6A(x•, x⊥)ψ̂








−iαqx•+i(k,x)⊥〈 ˆ̄ψf (0)/p2 6A(0)ψ̂





The target matrix elements are obtained by usual replacements x? ↔ x•, αq ↔ βq and
/p2 ↔ /p1.
For the Z-boson hadronic tensor we need these operators with extra γ5. From for-





−iαqx•+i(k,x)⊥〈ψ̄f (x•, x⊥)/p2Ăi(x•, x⊥)γ5ψ









































































h⊥1 (αq, k⊥) +O(αq, βq) (A.61)




















h⊥1 (αq, k⊥) +O(αq, βq) (A.62)
Also, as we saw in section 4.3.2, at the leading order in Nc there is one quark-antiquark-



















































h̄fA (α, k⊥) (A.63)
and similarly for the target matrix element.
A.4 Matrix elements for exchange-type power corrections






























































































•, 0⊥)〉A = kij̄∗2(α, k⊥)
(A.65)
Note that unlike two-quark matrix elements, quark-quark-gluon ones may have imaginary
parts. Target matrix elements are obtained by usual substitutions α ↔ β, /p2 ↔ /p1,
x• ↔ x?, and F̆?i ↔ F̆•i.13
Let us now consider the corresponding matrix elements from section 4.4. As shown in





































































































































































13For completeness let us present the explicit form of the gauge links in an arbitrary gauge:
ψ̄(x′•, x⊥)F?i(0)ψ(x•, x⊥)→ ψ̄(x′•, x⊥)[x′•,−∞•]x[x⊥, 0⊥]−∞•

















We need also parametrization of matrix elements with extra γ5. Since Ăiγ5 = iεijĂj














































































































































































































































































(βq, (q − k)⊥) + c.c.,
J2ff
′








(βq, (q − k)⊥) + c.c.,
J1ff
′








(βq, (q − k)⊥) + c.c.,
J2ff
′








(βq, (q − k)⊥) + c.c.,
J1ff
′








(βq, (q − k)⊥) + c.c.,
J1ff
′








(βq, (q − k)⊥) + c.c.,
J2ff
′








(βq, (q − k)⊥) + c.c.,
J2ff
′




















(βq, (q − k)⊥) + c.c.,
I2ff
′








(βq, (q − k)⊥) + c.c.,
I1ff
′








(βq, (q − k)⊥) + c.c.,
I1ff
′








(βq, (q − k)⊥) + c.c.,
I2ff
′








(βq, (q − k)⊥) + c.c.
I2ff
′








(βq, (q − k)⊥) + c.c. (A.72)
A.5 Products of leptonic tensor and hadronic tensors’ structures
The lepton momenta in the Collins-Soper frame are parametrized as
l = Q2 (1, sin θ cosφ, sin θ sinφ, cos θ), l
′ = Q2 (1,− sin θ cosφ,− sin θ sinφ,− cos θ) (A.73)







= 2(q · l) (q · l
′)
q2
+ l · l′ = Q2








− sin2 θ cos2 φ+ 1
]






















(l · Z) = −Q
2
4 sin 2θ cosφ








(l · Z) = −Q
2
4 sin 2θ sinφ








(l ·X) = −Q
2
4 sin




























(WT +W∆∆)− 2XµXνW∆∆ (A.75)
+ ZµZν (WL −WT −W∆∆)− (XµZν +XνZµ)W∆
)
= 12 (WT +WL)
[
1 + cos2 θWT −WL
WT +WL
+ sin 2θ sinφ W∆
WT +WL
+ sin2 θ cos 2φ W∆∆
WT +WL
]










= −2[(l · q)(l′ ·X)− (l′ · q)(l ·X)] = Q[(l ·X)− (l′ ·X)] = −Q2 sin θ cosφ

















W Ff1 (q) cos θ +
Q⊥
Q
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